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We introduce fundamental gauge theories that can be employed to construct in-
formed composite bright and dark extensions of the Standard Model, within and be-
yond the standard paradigms. The gap between theory and experiments is bridged by
providing predictions and ways to test them, for example, at the Fermi scale and via
precision flavor experiments. We will review time-honoured paradigms from (walking)
technicolor to composite Goldstone Higgs and discuss their features and differences.
Standard model fermion mass generation in composite models will also be discussed
along with the challenges and opportunities that it offers. To be concrete and pedagog-
ical we will concentrate on minimal constructions featuring strongly coupled gauge
theories supporting the global symmetry breaking pattern SU(4)/Sp(4). The most min-
imal underlying fundamental description consists of an SU(2) gauge theory with two
Dirac fermions transforming according to the fundamental representation of the gauge
group. This minimal choice enables us to use first principle lattice results to pre-
dict the massive spectrum for models of composite (Goldstone) Higgs dynamics and
strongly interacting dark matter, of immediate impact for current and future experi-
mental searches. Because composite dynamics embraces a rich spectrum of theories
with dynamics ranging from QCD-like behaviour to (near) conformal one, we also
report here the state-of-the-art of numerical and analytic properties of several strongly
coupled theories including their spectrum, phase diagrams and, when applicable, their
(near) conformal data.
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Chapter 1
Composite extensions of the Standard
Model, why?
The Standard Model (SM) of particle interactions is an excellent description of phys-
ical phenomena down to the astonishing scale of 10−17 m, which corresponds to a high
energy scale of the order of a fraction of a TeV. However, little is known about the
fundamental laws of nature at even shorter distances and how they will interface with
quantum gravity when reaching distances of the order of 10−35 m. The latter is the
distance where the quantum nature of gravity cannot be ignored. Additionally, despite
its unquestionable success, the SM falls short to explaining the matter-antimatter asym-
metry in the universe, i.e. why there is something rather than nothing. Furthermore, it
doesn’t account for a particle interpretation of dark matter and/or dark energy. In other
words, the SM cannot account for 95% of the universe and therefore must be extended.
The discovery of the Higgs particle at the Large Hadron Collider (LHC) has added
robustness to the SM. It also mutated the Higgs particle and its sector from being
missing ingredients to being tools to explore and test extensions of the SM.
But, how to choose on which extension of the SM to work on? It is a risky business
to spend time working on extensions of the SM that might not be selected by nature
and some play (mostly) safe by working on bottom-up approaches rooted into the
effective field theory approach. The obvious advantage is the non-commitment to
a specific underlying realization. This is, however, also a limiting factor: beyond the
leading order in whatever expansion parameter is used, the effective approach generally
introduces a large number of operators with unknown coefficients, thus reducing the
effectiveness and prediction power of the approach. Marrying effective approaches and
true underlying realizations has the beneficial effect of remaining sufficiently general
at low energies while guaranteeing that a deeper fundamental realization exists and
can be tested experimentally. This marriage is by no means always straightforward
rending the entire project demanding and therefore highly relevant and interesting.
This is part of what we will show in this review, i.e. how to match a fundamental field
theory dynamics to an effective approach. So far, however, we have not yet answered
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the question on which extensions to work on because there is obviously no right answer.
We believe that one should work on the extensions that you feel most comfortable about
and can learn most from. Extra theoretical guidance can further influence the choice,
however we believe that this should not be a limiting factor.
We chose to review here fundamental composite extensions of the SM because they
are phenomenologically relevant, theoretically appealing and technically challenging.
In fact, these extensions require to determine the non-perturbative dynamics of unex-
plored gauge-Yukawa theories. The results will therefore remain in the literature ready
to be employed in other realms of particle physics and cosmology. Another important
aspect is the highly interdisciplinary nature of these explorations since they touch upon
collider physics, model building, effective field theories, conformal methods, and they
further require state-of-the-art first principle lattice field theory studies.
1.1 From Technicolor to Composite Higgs
A time-honored avenue to render the SM Higgs sector natural is to replace it with a
fundamental gauge dynamics featuring fermionic matter fields. Naturalness is solved
because the chiral symmetry of the new fermions forbids power law sensitivity of
physical quantities to a higher energy cutoff. The oldest incarnation of this idea goes
under the name of Technicolor (TC) [1, 2]. In these models the Higgs-sector, and
therefore the Higgs boson itself, are made of new fundamental dynamics. Variations
on the theme appeared later in the literature [3, 4].
In the traditional Technicolor setup, the electroweak (EW) symmetry breaks thanks
to the gauge dynamics of the new underlying gauge theory. The Technicolor Higgs is
then identified with the lightest scalar excitation of the fermion condensate responsible
for the electroweak symmetry breaking (EWSB). However, the Technicolor theory per
se is not able to provide mass to the SM fermions and therefore a new sector must be
introduced [5]. This extended Technicolor (ETC) sector cannot be neglected since it
modifies the overall dynamics of the theory [6] as proven in [7, 8]. In fact, even the
physical mass of the Technicolor Higgs is typically reduced due to the ETC interactions
[9].
Additionally the full, i.e. TC + ETC, dynamics can be of near-conformal type. This
dynamics can emerge near the number-of-flavour-driven quantum phase transition
from an IR fixed point to a non-conformal phase where chiral symmetry is broken [10].
Several scenarios have been envisioned for this type of phase transition ranging from a
Berezinskii–Kosterlitz–Thouless (BKT)-like phase transition [11], used in four dimen-
sions in [12, 10, 13, 14, 15, 16, 17], to a jumping (non-continuous) phase transition [18].
The discovery that higher-dimensional representations could be (near) conformal [19]
for a small number of flavours led to the well-known conformal window phase dia-
gram of [20] that guides lattice investigations [21]. A smooth quantum phase transition
for four-dimensional gauge-fermion theories is also known as walking [13, 14]. It is
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expected, as we shall review, to enhance the effect of bilinear fermion operators. This
is a relevant property for the generation of SM fermion masses [13, 14]. However,
for gauge-fermion theories, it is impossible to approach the transition in a continuous
manner (since the number of flavors is an integer), limiting studies of the nature of the
transition. Fortunately, the ETC interactions come to the rescue [6]. They allow to con-
sider, instead, the quantum phase phase transition in the gauged Nambu–Jona-Lasinio
(NJL) model varying the four-fermion coupling continuously, starting at zero value,
within a gauge-fermion theory that is IR conformal. At a large enough NJL coupling,
the four fermion interaction is expected to break chiral symmetry. If the transition is
continuous, it will lead to what is known as ideal walking [6, 22]. That such a possibility
occurs has been recently demonstrated in [7, 8].
Another possibility is that the gauge dynamics underlying the Higgs sector does not
break the EW symmetry but breaks a global symmetry of the new fermions: a Higgs-
like state is therefore identified with one of the Goldstone Bosons (GB) of the global
symmetry breaking [3]. In this case the challenges are not only to provide masses to
the SM fermions but also to break the EW symmetry in the first place via another sector
that, in turn, should also contribute to give mass to the would–be pseudo-Nambu–
Goldstone boson (pNGB) Higgs. In any event, a true improvement with respect to
the SM Higgs sector shortcomings would arise only if a more fundamental description
exists.
The exciting physics above triggered, in recent years, much dedicated analytic and
numerical work aimed at identifying a fundamental description of models of composite
dynamics for the EW sector of the SM including mass generation for the SM fermions.
In the following we will clarify the differences, similarities, interplay, and shortcom-
ings of the various composite approaches. We will also provide specific underlying
realizations in terms of fundamental strongly coupled gauge theories. This will per-
mit us to use recent first principle lattice results to make predictions for the massive
spectrum of the composite theories, which is of the utmost relevance to guide searches
of new physics at the LHC and future colliders. Furthermore, we will review that,
for a generic vacuum alignment, the observed Higgs is neither a purely pNGB state
nor the TC–Higgs, but rather a mixed state. This fact impacts on its physical proper-
ties and associated phenomenology. Of particular relevance, for a walking transition,
is the interplay between a dilaton-like state and a pNGB Higgs. The existence of a
dilaton-like Higgs in the walking regime could be enforced by approximate confor-
mal invariance [23, 24, 25, 26, 27, 28, 29]. This subject has received renewed inter-
est [27, 28, 30, 29, 31, 32, 33, 34, 35] due to recent lattice studies [36, 37, 38, 39, 40, 41, 42]
that reported evidence of the presence of a light singlet scalar particle in the spectrum.
As possible underlying gauge theories we will consider, at first, those featuring
fermionic matter. The pattern of chiral symmetry breaking depends on the underlying
gauge dynamics [43, 44, 45]. Of course, the initial hypothesis that the global symmetry
breaks dynamically should be verified. In fact we know that, depending on the number
of matter fields, the choice of the underlying gauge group and the dimension of the
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gauge group (e.g. the number of underlying fermionic matter), the symmetry might
not break at all because the theory can develop large distance conformality, as discussed
in [19] for fermions in two-index representations, in [20] for a universal classification of
SU(N) gauge theories and their applications to Technicolor and composite dark matter
models, in [46] for orthogonal and symplectic groups, and in [47] for exceptional un-
derlying gauge groups. Furthermore, even assuming global chiral symmetry breaking,
it remains to be seen if the breaking is to the maximal diagonal subgroup. We shall
see that for certain phenomenologically relevant gauge theories, using first principle
lattice simulations, there has been substantial progress to answering precisely these
questions. We note that the classification of relevant underlying gauge theories for
Technicolor models appeared in [20], while a classification of the symmetry breaking
patterns relevant for composite models of the Higgs as a pGB can be found in [48, 49].
1.2 Patterns of Chiral Symmetry breaking
The first relevant observation is that the largest non-abelian global quantum flavor
symmetry, for any underlying gauge theory with one Dirac species of fermions, is
bound to be SU(2N f ) or SU(N f )×SU(N f ), depending on whether the underlying fermion
representation is (pseudo-)real or complex.
An SU(2N f ) flavor symmetry can be achieved only if the new fermions belong to a
real (like the adjoint) or pseudo-real (like the fundamental of SU(2) = Sp(2)) represen-
tation of the underlying gauge group. In either case, both left-handed fermions and
charge-conjugated right-handed anti-fermions can be recast, via a similarity transfor-
mation, to transform according to the same representation of the underlying fundamen-
tal gauge group. One can organize the two fermion components as a 2N f column with
complex Weyl fermions indicated by the vectorψ fc with f = 1, .., 2N f and c the new color
index. At this point, the simplest gauge invariant fermion bilinear we can construct
is ψ fcψ
f ′
c′ with the color contracted either via a delta function for real representations
or an antisymmetric epsilon term for pseudo-real ones. As fermions anticommute, a
non vanishing condensate can be formed only if the full wave-function is completely
antisymmetric with respect to spin, new color and flavor. Since Lorentz symmetry is
conserved, the spin indices are contracted via an antisymmmetric tensor and there-
fore, according to the reality or pseudo–reality of the representation, we can have the
following two patterns of chiral symmetry breaking [45]:
Real: In this case we expect SU(2N f )→ SO(2N f ). The point is that the invariant product
is symmetric (for instance 3×3 for the adjoint of SU(2)), and the flavor contraction
must also be symmetric implying that the condensate belongs to the symmetric
2-index representation of SU(2N f ).
Pseudo: Here we expect SU(2N f )→ Sp(2N f ). In this case, as explained before, the invari-
ant gauge singlet tensor is antisymmetric, therefore the condensate transforms as
6
the antisymmetric 2-index representation of SU(2N f ).
Comparing these possible symmetry breaking patterns, coming from a fundamental
theory with fermions, with the list of composite pNGB Higgs possibilities, we can
conclude that:
- the minimal composite Goldstone Higgs scenario [50] cannot be realized in a
simple minimal way [51]: in fact, it is based on SO(5) → SO(4). However
this chiral symmetry pattern cannot occur naturally because the minimal flavor
symmetry SO(5) cannot be realized by an underlying fundamental fermionic
matter theory.
- the next to minimal scenario is based on an enlarged SO(6) ∼ SU(4) global sym-
metry. The breaking SU(4)→ SO(4) is possible via a condensate belonging to the
symmetric 10 dimensional representation: however, such a breaking will generate
9 GBs belonging to a (3, 3) of SO(4), therefore no GB Higgs boson can be generated
in the coset 1. Nevertheless this pattern of chiral symmetry is extremely interest-
ing for modern versions of minimal walking Technicolor models [19, 20, 52, 53]
and their lattice studies [54, 55, 7, 8].
- the symmetry breaking SO(6) ∼ SU(4)→ Sp(4) ∼ SO(5) is also an interesting pos-
sibility both for (ultra) minimal Technicolor models [56, 57, 58] and the composite
Goldstone Higgs example [59, 60, 61, 62, 63]. Here the breaking is generated
by an antisymmetric, with respect to the global flavor symmetry, 6-dimensional
representation, and the coset contains 5 GBs. In terms of the SO(4) subgroup of
SO(5), the GBs decompose into a (2, 2)+(1, 1), thus also allowing, as we shall see, a
GB Higgs. In the following we will pursue this chiral symmetry breaking pattern,
which at the fundamental level is also being studied on the lattice [64, 65].
- the next interesting chiral symmetry breaking pattern, from the composite GB
Higgs boson point of view, is SU(5)→ SO(5). Here we have 14 GBs, decomposing
as (3, 3) + (2, 2) + (1, 1) of SO(4) [59, 63].
- for SU(6)→ Sp(6), also featuring 14 GBs, we have two composite Higgs doublets
and 6 singlets [59, 66].
- finally, complex representations allow for SU(4) × SU(4) → SU(4) [67] with 15
GBs2, organised as two Higgs doublets, one triplet and 4 singlets. Interestingly,
this coset also allows for a pNGB Dark Matter candidate [68].
1The SU(4) → SO(4) breaking with two Higgs doublets used in [48] is generated by an adjoint 15 of
SU(4), which however cannot be a condensate of fermions.
2The case with N f = 3 also contains a Higgs candidate, however it does not feature a custodial
symmetry SO(4), which is crucial in obtaining a realistic model.
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From this list it is clear that, from the point of view of a fundamental theory with
fermionic matter, the minimal scenario to investigate is SU(4) → Sp(4), for both a
minimal Technicolor as well as minimal composite GB Higgs scenario, as well as
SU(4) → SO(4) for minimal walking Technicolor. The difference lies in the way one
embeds the electroweak theory within the global flavor symmetry.
In this review, we will concentrate on the SU(4) → Sp(4) scenario to provide the
reader with a concrete template showing how one can bridge phenomenology, un-
derlying dynamics, effective field theories and first principle lattice simulations in a
coherent way. We will introduce the tools and provide sufficient details on how to ad-
operate them so that one will be able to employ them when going beyond the presented
template, or even for other applications of composite dynamics. To avoid confusion
with previous literature, we will dub the new strong gauge interactions as Fundamental
Color, or Fun. Color (FC) for short.
1.3 What comes next
We organized the rest of the review so that each chapter is fairly independent from
other chapters, while they naturally integrate with each other, so that the reader will
have quick access to the needed information.
In the next chapter 2 we will introduce the minimal composite template [56, 69]
which, at the underlying theory level, is constituted by an SU(2) gauge theory with
two Dirac fermions in the fundamental representation of the gauge group. Because, as
listed above, the fermions belong to the pseudo-real representation of the gauge group,
the global symmetry is SU(4) broken spontaneously to Sp(4), as also observed on the
lattice [64, 65, 70, 71].
We will introduce the low energy effective field theory for the Goldstone excitations
and link it to the observed lattice spectrum. We will then gauge some of the global
symmetries to introduce weak interactions in a way that accommodates the composite
(Goldstone) Higgs framework. We shall go beyond the leading approximation and
determine how the vacuum aligns, the composite Higgs boson emerges and interacts
with SM fields. Experimental constraints and theoretical considerations will also be
presented.
In the same chapter we will also provide selected relevant examples of composite
dark matter models that can emerge from the same underlying dynamics. The latter will
be taken either to still be connected to EWSB or to be an independent sector entirely3.
This part will show the richness of the composite paradigm beyond the dynamical
EWSB scenario.
We will then address the SM fermion mass generation problem in chapter 3. It is
3By independent, here we mean that it will couple to the SM fields in a way not to affect the EW
breaking sector.
8
notoriously difficult to give mass to all SM fermions within models of composite dy-
namics powered by underlying gauge-fermion theories. We will elucidate the various
ways one can circumvent some of the issues via walking dynamics and partial com-
positeness. We will also show that, when theories of composite dynamics are allowed
to include composite scalars, one can build viable and testable composite alternatives
to the SM Higgs sector. We will briefly comment also on extra-dimensional approaches
to the same problem.
In chapter 4 we will review the state of the art of the numerical simulations for
models of composite dynamics as function of the number of colors, number of matter
fields and their representation under the gauge group. We will also discuss which
model is expected to be (near) conformal at large distances.
We will conclude in chapter 5 by providing our final comments and directions for
the future.
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Chapter 2
SU(2) Minimal Template
In this chapter we introduce the most minimal and simplest theory of strong dy-
namics that can generate a composite Goldstone Higgs boson. Here by simplest,
we mean that it is based on the smallest asymptotically free gauge group with the
smallest number of fermions needed to obtain a custodial–preserving model. The
model [69, 58, 61] relies on a gauged SU(2)FC theory with 2 Dirac flavors in the funda-
mental representation. As SU(2) can be viewed as the first of the symplectic groups [46]
the phenomenological analysis, and model building, can be generalized to Sp(2N) [61].
We will use this minimal model as a template to describe the main features of a
composite Higgs boson, which can arise as a pNGB or as a light resonance: these two
situation are two different limits in the same theory, based on the misalignment of the
condensate with respect to the EW gauge symmetry [69]. This same model can be
used to describe many incarnations of a composite Dark Matter candidate: arising as
a “baryon” protected by a U(1) global symmetry [58], as a stable pNGB protected by a
discrete or continuous accidental symmetry, or, when the strong sector does not couple
to the SM, as a strongly interacting state [72].
2.1 Introducing the theory and its symmetries
The minimal template we consider here is based on a Fun.-Color gauged group
GFC = SU(2)FC with 2 Dirac (4 Weyl) FC-fermions in the fundamental representation.
The underlying Lagrangian of the strong sector is:
L = −1
4
FaµνF
aµν + F¯ j(iσµDµ)F j −Mi jFFiF j + h.c. (2.1.1)
where Faµν is the field strength of the FC group, and MF is a general mass matrix for
the FC-fermions F i. The covariant derivative Dµ contains the FC interactions, plus,
eventually, SM gauge bosons, depending on the quantum number assignment of the
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FC-fermions. First principle numerical simulations [64, 65, 70] have demonstrated that
this SU(2)FC model does lead to a fermion condensate in the chiral limit, breaking the
global symmetry SU(4) → Sp(4). The group-theoretical properties of the condensate
are as follows:
〈F iF j〉 = 6SU(4) → 5Sp(4) ⊕ 1Sp(4) , (2.1.2)
transforming as a 2-index anti-symmetric representation of SU(4). The coset space
SU(4)/Sp(4) is parametrized by 5 pNGBs, transforming as a 5 of Sp(4) [59].
The most general gauge-invariant mass term can be written as:
MF =
(
µ1 iσ2 0
0 µ2 iσ2
)
, (2.1.3)
where σ2 is the second Pauli matrix, and its appearance is a sign that the FC-fermions
are doublets of the gauge symmetry. The phases of the Weyl fields can be used to make
the two parameters µ1,2 real. The simple form of the mass allows to clearly identified
two Dirac spinors
ψ1 =
( F 1
iσ2 F 2,c
)
, ψ2 =
( F 3
iσ2 F 4,c
)
, (2.1.4)
where the super-script “c” indicates the charge conjugate, with mass µi respectively.
The mass term explicitly breaks SU(4) to SO(4) ∼ SU(2)×SU(2), while in the symmetric
case |µ1| = |µ2| an enhanced Sp(4) remains unbroken. We can thus use the form of the
mass term in the symmetric case to define the vacuum of the theory: this is actually
not a choice, as it is the FC-fermion mass term that fixes the alignment of the vacuum
in the SU(4) space. In the following, we will choose µ2 = −µ1 in order to use the same
alignment of the vacuum as in [69]:
Σ0 =
(
iσ2 0
0 −iσ2
)
. (2.1.5)
Note, however, that this sign choice is completely arbitrary, and it can always be
reversed by a change in the phase of the constituent quarks. All the physical results,
therefore, are independent on the phases appearing in the mass matrix and in the
condensate, provided we do not include the topological term [73]. The 5 broken
generators Xi in the vacuum of (2.1.5) are:
X1 = 1
2
√
2
(
0 σ3
σ3 0
)
, X2 = 1
2
√
2
(
0 i
−i 0
)
,
X3 = 1
2
√
2
(
0 σ1
σ1 0
)
, X4 = 1
2
√
2
(
0 σ2
σ2 0
)
, (2.1.6)
X5 = 1
2
√
2
(
1 0
0 −1
)
.
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We remark that the X5 generator corresponds to the phase redefinition of the FC-
fermions: a transformation eiαX5 generates a relative phase between the mass terms µ1
and µ2 of the two FC-fermion doublets. Our choice to have real masses already fixed
α = 0 and introducing a phase α in the vacuum alignment will therefore not add any
new physical effects in the theory.
Based on the above symmetry considerations, one can describe the low-energy
physics of the 5 pNGBs via the CCWZ formalism [74, 75]: here we will use a linearly
transforming matrix defined as
Σ = e2
√
2i
∑5
j=1 X
jpi j/ f · Σ0 , (2.1.7)
wherepi j are the pNGB fields. For our purposes, this formalism is completely equivalent
to the one based on 1-forms. The lowest order chiral Lagrangian is therefore given by:
L(p2) = f
2
8
Tr[(DµΣ)†DµΣ] + f 2 Tr[χΣ† + Σχ†] , (2.1.8)
where f is the decay constant of the pNGBs1, Dµ contains the axial/vector sources and
χ the scalar ones. The covariant derivative is defined as
DµΣ = ∂µΣ − i JµΣ − i ΣJTµ , Jµ = vaµSa + aiµXi (2.1.9)
where vµ and aµ are vector and axial-vector sources respectively, and Sa are the unbroken
generators, given by the following matrices:
S1,2,3 =
1
2
(
σi 0
0 0
)
, S4,5,6 =
1
2
(
0 0
0 −σTi
)
, (2.1.10)
which form an SO(4) subgroup of Sp(4), and
S7,8,9 =
1
2
√
2
(
0 iσi
−iσi 0
)
, S10 =
1
2
√
2
(
0 1
1 0
)
. (2.1.11)
Note that the couplings of the FC-fermions to gauge interactions external to the strong
dynamics can be easily introduced by replacing the sources with the external gauge
bosons. The scalar source χ, on the other hand, can be used to parametrize the effect of
the FC-fermion mass term, by replacing
χ† → 2B0MF , (2.1.12)
where the coefficient B0 can be measured on the lattice.
1Note that the normalization of f adopted here is different from the one used in [69] by a factor 2
√
2.
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2.1.1 Extensions of the Chiral Lagrangian
The Chiral Lagrangian introduced earlier can be extended in several ways. As a first
step, it’s important to consider operators that arise at the next order in the expansion,
i.e. O(p4). These terms may be very important phenomenologically, in particular in
models where the mass of the pNGBs is sizeable with respect to the decay constants.
This is the case in QCD, where NLO terms are indeed well studied. For the symmetry
breaking pattern of interest, the NLO chiral Lagrangian at order O(p4) is given by [76]:
L(p4) = L0Tr[DµΣ(DνΣ)†DµΣ(DνΣ)†] + L1Tr[DµΣ(DµΣ)†]2
+L2Tr[DµΣ(DνΣ)†]Tr[DµΣ(DνΣ)†] + L3Tr[DµΣ(DµΣ)†DνΣ(DνΣ)†]
+L4Tr[(DµΣ)(DµΣ)†]Tr[χΣ† + Σχ†] + L5Tr[(DµΣ)(DµΣ)†(χΣ† + Σχ†)]
+L6Tr[χΣ† + Σχ†]2 + L7Tr[χΣ† − Σχ†]2 + L8Tr[χΣ†χΣ† + Σχ†Σχ†]
−iL9Tr[ jµνDµΣ(DνΣ)† − jTµν(DµΣ)†DνΣ] + L10Tr[Σ jTµνΣ† jµν]
+2H1Tr[ jµν jµν] + H2Tr[χχ†], (2.1.13)
where Jµν is the energy-stress tensor associated to the current Jµ and the coefficients Li
and Hi are low-energy constants (LECs), which only depend on the strong dynamics
and can be computed on the lattice once the details of the underlying theory are
specified. The above Lagrangian is expressed in a particular basis where we remove
the redundant operators2 in complete analogy with the Gasser and Leutwyler [77]
Lagrangian for the complex case. Note that the above list of operators also applies to a
symmetric vacuum.
Another natural extension is the inclusion of other massive resonances generated by
the strong dynamics. One example is provided by vector and axial-vector resonances,
which may be light relative to the cut-off of the effective theory. Phenomenologically,
the lightest spin-1 resonances may play an important role in determining the feasibility
of a model. In fact, they are often relatively light, as expected in large Nc expansions [78]
or assumed in some composite Higgs models [79, 80]. We also recall that they may be
important in determining other low energy constants, following the so-called vector
meson dominance [81]. Finally, via the mixing to the EW gauge bosons, when relevant,
they may be produced at colliders via Drell-Yan and thus give detectable signals at
colliders. For the template we consider in this section, the inclusion of spin-1 resonances
has been detailed in [82], following the technique of Hidden Local Symmetry [83].
This technique consists on doubling the global symmetry of the chiral theory, and
it introduces the heavy vectors by gauging the copy symmetry group. We refer the
reader to [82] for more details on this implementation. Here, we simply recall that these
resonances transform under the global symmetry as the axial/vector sources introduced
2When the number of flavors, NF , is small, the Caley–Hamilton relations may be used to remove
additional redundant operators. The equation of motions have also been used to remove two other
operators.
13
in Eq.(2.1.9), i.e.:
vµ = 10Sp(4) , aµ = 5Sp(4) . (2.1.14)
What is mostly notable about this structure is that it is quite far from the minimal case
often considered in the literature, where the spin-1 sector consists of one vector triplet
and one axial-vector one [84].
Another resonance that is worthy considering is a scalar singlet σ. The reason for
this is that this scalar is often the lightest state in composite models, like for instance
in QCD [85]. Furthermore, it may be sizeably lighter than the other resonances if the
theory has a conformal symmetry above the cut-off of the chiral theory. As long as the
mass of the scalar σ is light compared to the pNGB decay constant, mσ . f , we can
threat it effectively as a light degree of freedom in the chiral Lagrangian, at par with
the pNGBs [86]. The most general chiral Lagrangian is therefore given by:
Lσ = κG(σ) f
2
8
Tr[(DµΣ)†DµΣ] +
1
2
∂µσ∂
µσ − 1
2
M2κM(σ)σ2+
f 2κm(σ) Tr[χΣ† + σχ†] . (2.1.15)
The couplings of the σ are effectively included in the functions κX(σ), which are not
constrained by the symmetries at low energy. The extension at NLO has been studied
in [34].
Finally, a phenomenologically relevant interaction is provided by the topological
term [87, 88, 89], known as the Wess-Zumino-Witten (WZW) term, which contains
interactions with an odd number of pNGBs. It can be written in a compact local form
as a five-dimensional integral
SWZW =
Nc
240pi2
∫ 1
0
dα
∫
d4x abcdeTr[uaubucudue], (2.1.16)
were α is the fifth spacetime coordinate. We furthermore redefine the two quantities
u = exp
(√
2
iα
f
Xapia
)
, (2.1.17)
ua = i(u†∂au − u∂au†), (2.1.18)
with ∂a being a five-dimensional derivative. Ordinary Minkowski space is now defined
as the surface of the five-dimensional space where α = 1. Furthermore the pre-factor
of the WZW term contains direct information about the underlying gauge dynamics.
The gauged version of this term and its generalization to include left and right vector
sources can be found in [57].
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2.1.2 Spectrum on the Lattice
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Figure 2.1: Left panel: Example of combined chiral and continuum extrapolation for
the ρ meson. Right panel: Summary plot comparing the spectrum of the SU(2) model
to SU(3) (QCD). Note that FPS ≡ f . Figures from [71, 90].
Lattice simulations of the SU(2)FC template model are straightforward, requiring
only two colors, two Dirac fermions and no high dimensional representations. The
challenge is then to perform all the necessary extrapolations, i.e infinite volume, zero
FC-fermion mass and continuum limit, for the spectrum of the model, as this has been
done for any other BSM model studied so far. Results for the spectrum of the model
were presented in [64, 65, 70, 91, 92, 71, 90, 93, 94]. We summarize the present status
here.
Lattice simulations were performed at four different lattice spacings, for a number
of FC-fermion masses at each lattice spacing, while keeping large enough volumes to
reduce finite-volume effects as much as possible. The scale was set by using the w0
observable [95] and the RI-MOM scheme [96] was used to measure the required non-
perturbative renomalization constants. Continuum extrapolated results were obtained
for the decay constant f , the fermion condensate, and the lightest spin one and zero
resonances, analogue to the QCD ρ, a1, σ, η′, a0 resonances. A combined chiral and
continuum extrapolation was used to extract the physically interested quantities. The
left panel of Fig. 2.1 shows an example of such extrapolation for the ρ meson.
The final spectrum for the model is shown in the right panel of Fig. 2.1, in units of
f ≡ FPS and compared to the corresponding QCD spectrum (SU(3) with 2 Dirac flavors).
Taken at face value, these results indicate a spectrum which is quite different from the
QCD one. For Technicolor-like theories, where f = v = 246 GeV, the heavier resonances
15
SU(2)FC SU(2)L U(1)Y SU(2)R
F 1 2 0 1F 2
F 3 1 -1/2 2¯F 4 1/2
Table 2.1: Quantum numbers under the FC group and the electroweak gauge interac-
tions of the fundamental constituent fermion. The last column indicates the custodial
global SU(2)R.
seems beyond the present LHC constraints, while for Goldstone Higgs models, where
f ≈ 1 TeV is preferred, they are well beyond being produced directly at the LHC.
These results are still affected by large systematic errors, as shown in Fig. 2.1, mainly
due to the chiral and continuum extrapolations required to obtain phenomenological
predictions. The accuracy of these results will be increased in the future.
Simulations of a model based on a gauged Sp(4) group with 2 Dirac flavors, which
share the same properties of the template we consider here, are underway [97, 98, 99,
100]. The first results for the meson spectrum can be found in [101].
2.2 Composite electroweak Higgs sector
As a first application, we can use the theory detailed above to characterize the
phenomenology of a Higgs boson arising as a pNGB. We need thus to specify the
embedding of the electroweak symmetry in the model: the simplest choice is to assign
the first two F i to a doublet of SU(2)L, and the second two to an anti-doublet of SU(2)R
(the diagonal generator of SU(2)R being the generator of hypercharge), as listed in
Table 2.1. In this way, all gauge anomalies vanish, and we can keep track explicitly of
the custodial symmetry built in the model. Another point is that, with this embedding,
we can choose an alignment of the condensate in SU(4) that does not break the EW
symmetry: this direction is in fact determined by the mass matrix MF . As the mass
term in Eq.(2.1.3) are explicitly gauge invariant, the SU(2) × SU(2) group left unbroken
coincides with the partly-gauged SU(2)L × SU(2)R group of the SM. The vacuum like
for instance Σ0 in Eq.(2.1.5) leaves invariant a subgroup Sp(4) ∼ SO(5) which contains
the custodial SO(4).
In this basis, the SU(2)L generators are S1,2,3, while the SU(2)R ones are S4,5,6 (thus,
the hypercharge is associated with S6), with explicit expressions given in Eqs (2.1.10)
and (2.1.11). The alignment of the condensate can be changed by applying an SU(4)
transformation generated by the 5 broken generators: as X1,2,3,4 (see Eq. (2.1.6)) form
an SU(2)L doublet, one can use gauge transformations to align the vacuum along the
Higgs direction (X4 in our notation) without loss of generality.
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2.2.1 The choice of the correct vacuum
It is most common in the composite pNGB Higgs literature, starting from the sem-
inal work of Georgi and Kaplan [3], to define the theory around the EW preserving
vacuum. In a second step, a potential for the pNGBs is constructed, which induces
a vacuum expectation value (VEV) for the composite Higgs doublet. This approach
has a serious drawback in the fact that the Higgs VEV will appear in the lowest order
chiral Lagrangian, c.f. Eq.(2.1.8), as a parameter that breaks the shift symmetry for the
pNGBs. As a consequence, derivative couplings that violate the Higgs shift invariance
will appear at LO [60, 102]. Here we will follow a more conservative and theoretically
clean approach: a VEV for a pNGB can be used to define an SU(4) rotation, generated
by the generator associated to the pNGB, which misaligns the vacuum with respect to
the starting one. In this approach, the parameter breaking the EW symmetry will not
violate the shift symmetry of the pNGBs, thus explicitly revealing that it is intrinsically
associated to the compositeness scale. The only drawback of this formalism is that the
component of composite states, which are classifies as multiplets of the unbroken Sp(4)
symmetry, cannot be decomposed into multiplets of the EW symmetry, which is broken
by the vacuum, but only approximately for v/ f  1. Nevertheless, the physical results
in the two formalisms are the same, as the two parametrizations of the vacuum and
pNGBs are related by a field redefinition.
Even the choice of the EW preserving vacuum is not as simple as it may look, as
there are generators, which correspond to singlets of the EW symmetry, that can be
used to change it. In the case under study here, it is the generator X5 that corresponds
to a singlet, plus an overall phase shift. The most general EW preserving vacuum is
therefore:
Σ′ = eiγeiα2
√
2X5Σ0 =
(
ei(γ+α)(iσ2) 0
0 −ei(γ−α)(iσ2)
)
. (2.2.19)
We already commented that the two phases correspond to phases of the spinor fields
of the FC-fermions F , so they must not have any physical relevance. In fact, once a
mass term for F is defined, as in Eq.(2.1.3), a potential is generated for them that fixes
the proper values. The second term in Eq.(2.1.8) gives
Tr[χΣ′† + Σ′χ†] = B0
[−(µ1 − µ2) cosα cosγ + (µ1 + µ2) sinα sinγ] . (2.2.20)
The above potential has minima for (α, γ) = (0, 0) or (pi, pi) for |µ1−µ2| > |µ1 +µ2|, which
corresponds to Σ0, and minima at (α, γ) = (pi/2, 3pi/2) and (3pi/2, pi/2) for |µ1 + µ2| >
|µ1 − µ2| corresponding to the other real vacuum [61]
Σ′0 =
(
iσ2 0
0 iσ2
)
. (2.2.21)
This shows that the choice of the EW preserving vacuum depends on the choice of
phases in the spurions that break explicitly the global symmetries in the composite
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sector, the mass ofF in this case. A non-zero value of the phase α can only be associated
to a physical phase appearing in the spurions (C.f. [103]). The phase γ, generated by
the anomalous U(1) symmetry, generates CP violation in the chiral Lagrangian via the
Pfaffian of the pion matrix [61] and can be associated to CP violation in the strong
sector. In the following, for simplicity, we will limit ourselves to a CP-invariant model,
thus setting γ = α = 0 and choosing the EW preserving vacuum Σ0.
The vacuum will then be misaligned along the directions of the composite Higgs
doublet once the EW symmetry is broken. Hence, without loss of generality, we can
choose the direction to be X4. The most general EW breaking vacuum, therefore, can
be written as:
Σθ = eiθX
4 · Σ0 =
(
cosθ (iσ2) sinθ
− sinθ − cosθ (iσ2)
)
. (2.2.22)
The only free parameter θ aligns the condensate to a direction that does break the EW
symmetry, and its value will be determined once quantum corrections are added.
Based on the above symmetry considerations, one can describe the physics of the 5
GBs via the CCWZ formalism [74, 75]: here we will use a linearly transforming matrix
defined as
Σ = e2
√
2i
∑5
j=1 Y
jχ j/ f · Σθ , (2.2.23)
where χ j are the pNGB fields around the vacuum Σθ, and Y j = eiθ/2X
4 · X j · e−iθ/2X4
are the broken generators in that vacuum. For our purposes, this formalism is com-
pletely equivalent to the one based on 1-forms. The most general lowest order chiral
Lagrangian is the one in Eq.(2.1.8) where Dµ contains the EW gauge bosons, and the
couplings of the Sp(4) singlet σ are parametrized in terms of unknown functions κx (nor-
malized to κx(0) = 1). This is complemented by interactions terms that are equivalent
to the Yukawa couplings in the SM:
LY = − f
(
κt(σ) y′i ju (QL,iu
c
R, j)
†
α + κb(σ) y
′i j
d (QL,id
c
R, j)α+
κl(σ) y′
i j
l (Lil
c
j)
†
α
)
Tr[PαΣ] + h.c. (2.2.24)
The matrices Pα [69] are spurions that project the pion matrix on its components trans-
forming as a doublet of SU(2)L (explicit formulas are given in Eq. (2.2.38) below). As
we shall see later, the σ can also play the role of the Higgs boson, even though naively
its mass is expected to be large and its couplings to the SM particles arbitrary. The
effective Yukawa couplings are necessary in order to give mass to the fermions in a
similar way as Yukawa couplings do in the SM. A possible origin of such terms can be
traced back to four-Fermi interactions in the form (for the up-sector):
LEFCD = − y
i j
u
Λ2u
(FF )α(QL,iucR, j)†α + h.c. (2.2.25)
As all the Yukawa terms have the same 4-Fermi origin, one may expect κt = κb = κl.
18
The origin of such effective interactions is unspecified here, and their presence alone
does not generate any problem with flavor observables. Addressing flavor in this class
of models can only go via a detailed description of the UV completion responsible for
the generation of the effective interactions: here, we will not attempt to address this
issue. The issue of flavor is, in fact, the most challenging aspect in models based on a
fundamental composite dynamics. The choice of adding effective Yukawa couplings
as in Eq. (2.2.24) can be seen as the analog of minimal flavor violation [104]. For a
bookkeeping description of the possible origin of the couplings for the top alone, we
refer the interested reader to [105].
2.2.2 Higgs as a pNGB
Having analyzed the general properties and the chiral symmetry breaking pattern
relevant for the electroweak symmetry, we move to investigate the various phenomeno-
logical aspects of the model. We will focus first on the Chiral Lagrangian for the pNGBs
(or pions) of the model, which include a Higgs-like state. Several of the results in this
section were first obtained in [59, 61] were more details can be found.3 Here, we will
recall the main features, and stress the connection between the Technicolor and Gold-
stone Higgs vacua. The angle θ that characterixes the vacuum Σθ is, at this stage, a free
parameter, which interpolates between a purely Technicolor model when θ = pi/2 to
an unbroken phase for θ = 0, passing through a model of Goldstone Higgs for small
θ 1. With the above condensate, the 5 broken generators are explicitly given by
Y1 = cθ X1 − sθ S1−S4√2 , Y2 = cθ X2 + sθ S
2−S5√
2
,
Y3 = cθ X3 + sθ S
3−S6√
2
, Y4 = X4 ,
Y5 = cθ X5 − sθ S8 ; (2.2.26)
where cθ = cosθ and sθ = sinθ. The exact Goldstone bosons, that become the longitudi-
nal components of the W and Z gauge bosons, are associated with the Y1,2,3 generators.
Working in the Unitary gauge, we use explicitly only the fields associated to Y4,5 and
write:
Σ = e
2
√
2i
f (hY
4+ηY5) · Σθ =
[
cos
x
f
1 +
2
√
2i
x
sin
x
f
(
hY4 + ηY5
)]
· Σθ , (2.2.27)
3Note that we adopt here a different normalization for the decay constant, defined such that f = v in
the TC limit.
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where x =
√
h2 + η2. The kinetic term of Σ, upgraded to include the interactions with
the gauge bosons via minimal coupling, yields:
f 2
8 Tr(DµΣ)
†DµΣ = 12 (∂µh)
2 + 12 (∂µη)
2 − 16 f 2
[
(h∂µη − η∂µh)2
]
+ O( f −3)
+
(
g2
4 W
+
µW−µ +
(g2+g′2)
8 ZµZ
µ
) [
f 2s2θ + s2θ f h
(
1 − 23 f 2 (h2 + η2)
)
+(c2θh2 − s2θη2)
(
1 − 13 f 2 (h2 + η2)
)
+ O( f −3)
]
. (2.2.28)
From the above expansion, we can pull out the values of the W and Z masses
m2W =
g2
4
f 2s2θ , m
2
Z =
(g2 + g′2)
4
f 2s2θ = m
2
W/c
2
W , (2.2.29)
thus identifying v = f sθ. Furthermore, only the scalar h couples singly to the massive
gauge bosons, therefore it is the candidate to play the role of the Higgs boson. Its
couplings are:
ghWW =
g2
2
f sθcθ = gmW cθ = gSMhWW cθ , (2.2.30)
ghZZ =
(g2 + g′2)
2
f sθcθ =
√
g2 + g′2mZ cθ = gSMhZZ cθ , (2.2.31)
ghhWW =
g2c2θ
4
= gSMhhWW c2θ , (2.2.32)
ghhZZ = ghhWW/c2W . (2.2.33)
The second scalar η has couplings
gηηWW = −14 g
2s2θ = −gSMhhWW s2θ , (2.2.34)
gηηZZ = gηηWW/c2W . (2.2.35)
The relations between the couplings to WW and ZZ are guaranteed by custodial in-
variance.
It is noteworthy that the kinetic term of Σ is invariant under the parity transfor-
mation η → −η, therefore η is protected and will be stable. This property derives
form the fact that non-topological Lagrangians for Goldstone bosons respect a parity
operation according to which the only possible terms must be even in the number of
Goldstone bosons. This property has been used in [102] to study η as a composite
dark matter candidate. However this apparent discrete symmetry is not a symmetry
of the underlying theory. The breaking of this symmetry manifests itself at the ef-
fective Lagrangian level via topological-induced terms, like the Wess-Zumino-Witten
(WZW) anomaly terms [87, 88]. These have been constructed explicitly for the chiral
symmetry breaking pattern envisioned here in [57]. The singlet η can therefore decay
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as η→ Zγ, ZZ, W+W−.
2.2.3 Loop induced Higgs potential
While the dynamics does not have any preference to where the condensate is aligned
whitin the SU(4) space, gauge interactions do because they only involve a subgroup of
the flavor symmetry. The same is true, as we will see, for the top Yukawa, or generically
the mechanism that generates a mass for the top. The breaking of the flavor symmetry
will then be communicated to the pNGBs via loops, which will therefore induce a
potential determining the value of the angle θ. The loop-induced potential for this
model has been computed in [59, 61], here we will simply recap the origin of the main
components and discuss their physical interpretation.
Gauge contributions
The contribution to the one-loop potential of the gauge boson loops can be estimated
by constructing the lowest order operator invariant under the flavor symmetry SU(4).
The gauge generators of SU(2)L are S1,2,3 while the one for U(1)Y is S6. Under a vacuum
rotation preserving the unbroken subgroup, the gauged generators transfrom as Si →
USiU†, and the associated relevant term in the effective potential reads [43, 44]:
Vgauge = −Cg f 4 ∑i g2i Tr (Si · Σ · (Si · Σ)∗)
∼ Cg 3g2+g′
2
2
(
− f 4c2θ + f 3s2θh + f 2(c2θh2 − s2θη2) + . . .
)
; (2.2.36)
where Cg is an unknown LEC, and we have explicitly shown an expansion in powers
of f up to quadratic terms in the fields. To find the value of θ it is enough to minimize
the field-independent term: ∂V(θ)/∂θ = 0. The constant Cg encodes the loop factor,
and it is expected to be positive: in this case, this part of the potential has a minimum
for θ = 0, which therefore does not break the electroweak symmetry. Note also that the
term with linear coupling of the “Higgs” h is always proportional to the derivative of
the potential, thus it is bound to vanish at the minimum.
Top contribution
To calculate the effects on the vacuum alignment induced by the top corrections we
will follow the procedure established in [43, 44]. Not having at our disposal a complete
theory of flavor we assume that the top mass is generated via the following 4-fermion
operator
yt
Λ2t
(QLtcR)
†
α F TPαF (2.2.37)
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where α is an SU(2)L index and the projectors Pα select the components of F TF that
transform as a doublet of SU(2)L (i.e. the linearly transforming Higgs boson doublet
properties). Λt is some new dynamical scale. The projectors can be written as [61]
P1 =
1
2

0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0
 , P2 = 12

0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0
 . (2.2.38)
When the FC-fermions condense, this term generates the following operator:
y′t f (Qt
c)†αTr(P
αΣ) ∼ −y′t
(
f sθ + cθh − 12 f sθ(h
2 + η2) + . . .
)
tRtcL (2.2.39)
Here y′t is proportional to yt(4pi f )
2/Λ2t . We have not assumed the underlying fermionic
dynamics to be near conformal. If this were the case the relation changes as it is the
case for walking Technicolor. The first term in the expansion generates a top mass
mtop = y′t f sθ when θ , 0, and the coupling of the Higgs to the top is
yht¯t = y′tcθ =
mtop
v
cθ . (2.2.40)
From the form of the operator above, the contribution of the top loop can be estimated
as
Vtop = −Cty′t2 f 4
2∑
α=1
[Tr(PαΣ)]2
∼ −Cty′t2
[
f 4s2θ + f
3s2θh + f 2(c2θh2 − s2θη2) + . . .
]
(2.2.41)
where again we expect the coefficient Ct to be positive. In this case, the minimum is
located at θ = pi/2, which would break the electroweak symmetry at the condensate
scale. The vacuum preferred by the top corrections corresponds, therefore, to the
standard Technicolor-like limit [20, 56, 58].
This Technicolor vacuum limit is quite interesting: in fact, one would have that all
the linear couplings of h to gauge bosons and to the top vanish, the reason being that
in this limit an extra U(1) symmetry remains unbroken upon gauging the electroweak
symmetry. This global U(1) symmetry is reminiscent of the QCD-like underlying FC-
baryon symmetry linking h and η into a complex di-FC-fermion pNGB. Intriguingly a
similar decoupling property for the would-be composite Higgs pNGB was observed
in the Hosotani model [106]. Here too, in the decoupling limit, the near decoupled
state becomes a dark matter candidate. This property of the Technicolor vacuum has
been used extensively for dark matter model building [107, 108, 109, 58, 110, 53, 111]
and it is supported also by recent pioneering lattice investigations [64, 54, 65]. We will
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discuss this class of models further in Sec.2.4.1. In the Technicolor limit, the pNGB h
ceases to be a Higgs-like particle: the physical Higgs-like state now becomes the lightest
F -flavor (and SM) singlet composite scalar state associated with the fluctuations of the
condensate orthogonal to the pNGB directions. The coupling of this state to the gauge
bosons and fermions does not vanish for θ = pi/2: we will investigate the properties of
this state in Section 2.3.
In this vacuum, as explained before, η and h are degenerate and acquire the following
loop-induced mass term:
m2DM = m
2
h = m
2
η = 2 f
2
(
Cty′t
2 − Cg 3g
2 + g′2
2
)
. (2.2.42)
Interestingly the weak interactions like to misalign the Technicolor vacuum while the
top corrections tend to re-align the vacuum in the Technicolor direction.
Explicit breaking of SU(4)
Another source for the Higgs potential is given by eventual terms that break ex-
plicitly SU(4). Sources that do not upset the θ = pi/2 vacuum were constructed in
[108, 52, 58] assuming natural breaking of the SU(4) symmetry via four-fermion inter-
actions. However in [59], for minimal models of composite (Goldstone) Higgs, such a
term is added ad-hoc to give mass to η; in [61] they are generated by gauge invariant
masses of the FC-fermions. In both cases, the results are the same: here we will follow
the idea that such a term is generated by the explicit SU(4) violating masses of the
FC-fermions. As we want such masses to be invariant under the gauged symmetry, we
can assume that the mass term is aligned with the condensate Σ0, so that MF = µΣ0,
as in Eq.(2.1.3) for µ1 = −µ2 = µ. In this case, the contribution to the potential can be
written as [61]:
Vm = Cm f 4Tr(Σ0 · Σ)
∼ 4Cm
(
− f 4cθ + f 3sθh + 12 f
2cθ(h2 + η2) + . . .
)
(2.2.43)
Note that contrary to the gauge and top loops, the coefficient Cm is not expected to be
positive and can have both signs.4 This potential term contributes to off-set the ground
state from θ = pi/2.
4In the limit of vanishing top and gauge couplings, the positivity of the pNGB mass squared would
suggest Cm > 0.
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2.2.4 Vacuum alignment, fine tuning and Higgs mass
The total potential, used in [69, 61], consists of the above 3 contributions:
Vscalars = Vgauge + Vtop + Vm . (2.2.44)
To further the analysis we neglect the gauge boson contribution. This is justified by the
fact that it is smaller than the top one. First, we can compute the potential for θ:
V(θ) = y′t
2Ct cos2 θ − 4Cm cosθ + constant (2.2.45)
where Ct,m are O(1) coefficients determined by the dynamics (Ct is expected to be
positive to match the sign of a fermion loop). Notably, the contribution of the gauge
loops have the same form and θ dependence as that of the top. The minimum of the
potential is given by
cosθmin =
2Cm
y′t
2Ct
, for y′t
2Ct > 2|Cm| . (2.2.46)
Note that a small θ can only be achieved for 2Cm → y′t2Ct: in order to reach the
pNGB Higgs limit, one needs therefore to fine-tune two contributions in the potential
which are of very different origins. This is the only severe fine-tuning required in
the model, if a small θ needs to be achieved. Note also that, in the limit of a small
mass for the FC-fermions, Cm  Ct, the vacuum moves towards the TC limit θ = pi/2.
Remarkably, a non fine-tuned (in θ) realization of a pNGB Higgs may occur if its
nature is elementary [112], the reason being that the corrections to the potential, once
the quadratic divergences are properly subtracted, derive from the dependence of
the potential on the fourth power of the couplings (corresponding to logarithmically
divergent corrections to the quartic coupling) rather than on the quadratic power
(corresponding to the quadratically divergent contribution to the mass). It is also
noteworthy that here we used an explicit mass term for the FC-fermions to stabilize
the potential, while in other models of composite Goldstone Higgs in the market the
stabilization is due to quartic terms: as we just discussed, quartic terms are the dominant
ones in elementary realizations of the pNGB Higgs, however they are subleading in
composite realizations.
This potential also determines the masses of the pNGBs:
m2χ1,2,3 = 2 f
2
(
2Cm − y′t2Ct cosθ
)
cosθ = 0 , (2.2.47)
m2h = 2 f
2
(
2Cm cosθ − y′t2Ct cos(2θ)
)
= 2y′t
2Ct f 2 sin2 θ , (2.2.48)
m2η = 2 f
2
(
2Cm cosθ + y′t
2Ct sin2 θ
)
= 2y′t
2Ct f 2 , (2.2.49)
where we have used the minimum condition to remove the dependence on Cm. We
notice here that, as expected, the new fundamental elementary fermion mass term
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gives the same mass (of order f ) to all pions. On the other hand, the top loop gives a
mass of order f to the pNGB Higgs, and a mass of order f sinθ to the EW singlet. This
can be easily understood: the top couples via 4-fermi interactions to the FC-fermion
doublet that transforms as a doublet of SU(2), thus the top loop will generate the usual
divergent contribution to its mass that, following naive dimensional analysis, can be
approximated as
∆m2h(top) ≈ C
y′t
2
16pi2
Λ2 ≈ Cy′t2 f 2 . (2.2.50)
This large contribution, however, is cancelled by the contribution of the explicit mass
at the minimum, so that the final value of the pNGB Higgs mass is
m2h = 2y
′
t
2Ct f 2 sin2 θ = m2η sin
2 θ = 2Ctm2top . (2.2.51)
Note that it would be enough to have Ct ∼ 1/4 to generate the correct value for the
Higgs mass. The value of Ct is not a free parameter, but it can be determined by the
dynamics. At present, no calculation of such coefficients is available. Nevertheless, no
additional fine-tuning is in principle necessary for the Higgs mass, once the fine-tuning
in the alignment is paid off. The relation between the masses of h and η also survives
after the gauge corrections are included, however it can easily be spoiled by other
corrections, like for instance the mixing between h and σ. Finally, the pions eaten by
the W and Z are massless on the correct vacuum, as expected for exact GBs.
The parametric smallness of the pNGB Higgs mass can also be understood in terms
of symmetries. The 3 GBs eaten by W and Z are always massless, for any value of
θ. Therefore, if we go continuously to the limit θ → 0, where the EW symmetry
is restored, the mass of the pNGB Higgs must also vanish in order to reconstruct a
complete massless SU(2) doublet. The same argument cannot be applied to η, which is
a singlet unrelated to EW symmetry breaking.
2.2.5 Variations on the theme
We can now explore some variations of the above scenario. For example we can
gauge an extra U(1). The only possibility is to gauge the symmetry generated by X5
which commutes with both SU(2)L and U(1)Y.5 The new gauge boson Xµ will contribute
to the effective potential as follows
VX = −Cgg2X f 4Tr
(
X5 · Σ · (X5 · Σ)∗)
∼ Cgg2X
(
1
2 f
4(2c2θ − 1) − f 3s2θh − f 2(c2θh2 − s2θη2) + . . .
)
. (2.2.52)
Although this contribution has the familiar form of the contribution coming from the
electroweak gauge terms, the preferred minimum is at cθ = 0. This happens because the
5Note that this U(1) is responsible for the stability of the h–η system in the Technicolor limit.
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Technicolor ground state does not break the U(1)X symmetry thus leaving Xµ massless.
In fact:
m2X =
g2X
2
f 2c2θ . (2.2.53)
The net effect of this contribution would therefore be to add to the top loop.
Another variant is to generate a mass for the top via a heavy mediator Ψ. The idea is
to complement the theory with a new fermion belonging to a complete representation
of SU(4), and couple it to Σ in an SU(4) invariant way; the mass is then communicated
to the top sector by an SU(4) violating mixing term of the form [59]
λ1 f Ψ¯ΣΨ + λ2 f QψQL + λ3 f TψtcR (2.2.54)
where Qψ and Tψ are components of Ψ with the same quantum numbers as the quark
doublet and the right-handed top singlet. However, it is not possible to find a repre-
sentation of SU(4) that contains a doublet and a singlet with the correct hypercharge,
following the embedding of the hypercharge generator discussed above. One may think
of embedding the U(1)Y as a superposition of the two possible U(1)’s, i.e. Y = cαS6+sαX5.
However, there is no vacuum that can preserve both S6 and X5 and as a consequence
there would be no QED unbroken U(1)em. This is interesting as it allows us to dis-
card the construction used in [59] to generate the top mass. In [60], the global flavor
symmetry is extended to SU(4) × U(1) and the hypercharge is identified with a linear
combination of S6 and the external U(1): this is a trick commonly used in models of
composite Goldstone Higgs. However, it is very unlikely that the condensate in any
realistic fundamental theory, featuring fundamental vector-like fermionic matter, can
break SU(4) × U(1) → SO(5). In fact, one could imagine to generate the extra U(1)
by adding a single fermion in the adjoint representation, which carries hypercharge.
However, the two sectors of fermions do not talk to each other, and the dynamics will
generate, at first, two condensates: one breaking SU(4) and the other breaking U(1)
independently. Gauge dynamics for vector-like theories with several fermionic matter
fields were investigated in [113, 114]. To achieve the desired symmetry breaking pat-
tern, for these theories, one would need to introduce fields transforming simultaneously
under the two flavor symmetries. Fundamental scalar fields can easily accommodate
this patterns at the price of introducing unnatural scenarios [115]. On the other hand,
chiral gauge theories (where a mass term for the fermions is prohibited) can break
simultaneously different global symmetries as well as the underlying gauge dynamics
and would constitute and interesting avenue to explore [116].
2.2.6 Experimental constraints
The main constraints in this model come from modifications of the Higgs couplings
to other SM states, as discussed in the previous sections. We recap here that, for the
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couplings to the massive EW gauge bosons, we have
κV =
ghVV
gSMhVV
= cθ ,
ghhVV
gSMhhVV
= c2θ , (2.2.55)
with the normalized modifications being the same for W and Z due to the custodial
invariance of the strong dynamics. It’s interesting to note that such modifications are
universal, in the sense that they do not depend on the specific details of the coset [117,
118]. For the Yukawa coupling of the top, we find
κt =
ghtt¯
gSMhtt¯
= cθ , (2.2.56)
based on the bilinear coupling of Eq. (2.2.39). This is not universal, as it depends
crucially on the mechanism giving origin to the fermion masses.
Direct probes of this model would include the detection of the singlet pNGB η:
however, due to its feeble couplings to the SM states, suppressed by sθ, the production
rates are too small to be detectable at the LHC, even after the high-luminosity phase [61,
119].
Higgs coupling measurements
The couplings of the Higgs boson have been measured by the LHC Collaborations
ATLAS and CMS in a series of papers that can be used to extract the constraints from
the Higgs couplings. In the following we use the combined results given by the two
collaborations in a joint effort [120] for the Run-I data, and a collection of the most up-
to-date results from Run-II from both collaborations in the ZZ∗ [121, 122], γγ [123, 124],
WW∗ [125] and τ+τ− [126] channels. Note that these data are updated with respect
to [119] where this analysis was first published, and the new results appeared in the
PhD thesis in [127]. The results of the experimental analyzes are provided as exclusion
contours in terms of signal strengths, and treated in the way described in [128]. These
experimental plots represent regions allowed at 68% confidence level (C.L.) by the
analyzes, in the plane of cross sections rescaling factors for the main Higgs decay
channels H → γγ,WW∗,ZZ∗, τ¯τ, b¯b, under the assumption that W and Z-strahlung
(VH) and vector boson fusion (VBF) modes are rescaled by the same factor, as well as
the gluon fusion (ggH) and tt¯H. We fitted these lines as ellipses, therefore extrapolating
the χ2i for each channel as a paraboloid, i.e. approximating the likelihood functions
with a gaussian. The 2–dimensional likelihood for each channel, neglecting the tt¯H
contribution, is given by:
χ2i =
(
µiggH − µˆiggH
µiVBF/VH − µˆiVBF/VH
)T
· M−1i ·
(
µiggH − µˆiggH
µiVBF/VH − µˆiVBF/VH
)
, (2.2.57)
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where (µˆiggH, µˆ
i
VBF/VH) is the center of each ellipse and Mi is a symmetric matrix encoding
information about its axes. In our model, we define the signal strengths to be:
µiggH =
σggH(κ2t , κ
2
b)
σggH,SM
× κ
2
i∑
m κ
2
mBrSMm
, µiVBF/VH = κ
2
V ×
κ2i∑
m κ
2
mBrSMm
, (2.2.58)
where those κ2i ’s are rescaling factors for Higgs couplings with gauge bosons and
fermions.
Through the χ2 function we will determine the best fit point and we can then use
the reconstructed quantity ∆χ2 = χ2 − χ2min to draw the exclusion limits. This method
has been validated to reproduce the experimental results [129].
Oblique parameters
Another source of important constraints is given by EW precision tests (EWPTs),
which derive from very accurate measurements at the per-mille level in the EW sector
of the SM. Such effects can be effectively described in terms of the oblique parameters
S and T [130, 131] (see also [132]). The precise determination of the oblique corrections
is a delicate issue in composite extensions of the SM. A well defined procedure must
be employed that allows to clearly disentangle the intrinsic contribution stemming
from strong dynamics from the one coming from the genuine SM contribution [133].
Once such procedure is established, an estimate from the strongly coupled sector is
needed. First principle lattice simulations are the primary method to determine this
contribution. However, as a very rough estimate, one can use the one-loop contribution
from the fundamental fermions with heavy constituent mass terms. In this case for
one SU(2)L doublet we have ∆S = 1/(6pi) [131]. In the fundamental model under
consideration, this translates into the following contribution
∆SUV =
sin2 θ
6pi
(2.2.59)
for each fundamental doublet 6. The reason for the presence of the sin2 θ term can be
understood in terms of symmetries: in the radial composite Higgs limit θ → pi/2, the
fundamental fermions pick up a dynamical mass from the condensate which is aligned
with the EW breaking direction, thus the calculation satisfies some of the assumptions
in [131]; on the other hand, in the limit θ→ 0, the EW symmetry is recovered and the
S parameter must vanish. The power is understood in terms of masses: in fact, it is
6We note that this estimate is modified when the underlying dynamics is near conformal because of
the violation of the second Weinberg’s sum rule [134]. There is a limit, however, when this estimate turns
into a precise result. This occurs close to the upper limit of the conformal window [135] provided the
correct kinematical limits are chosen. The two-loop contributions have been computed in [136] where it
is clearly shown how the S parameter increases when moving deeper into the non-perturbative region.
In the non-perturbative regimes recent comprehensive holographic estimates have appeared [137].
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expected to be proportional to the square of the ratio of the dynamical mass aligned to
the EW breaking direction, v2 ∼ f 2 sin2 θ, and the total dynamical mass of the fermions,
∼ f 2. This expectation is also confirmed by an operator analysis of this contribution,
as shown in [61]. The strongly interacting contribution to the T parameter vanishes
because the dynamics respects the SU(2)V custodial symmetry.
The underlying strong dynamics contribution must then be matched with the im-
portant one coming from the quantum corrections in the effective Lagrangian for the
lightest states considered here. We will use a more naive way to estimate the total
correction: we explicitly include the contribution of the loops of the lightest composite
states 7, i.e. the 125 GeV Higgs h, which contributes due to the modified couplings to
gauge bosons. Then, we will assume that the contribution of the heavier resonances
can be approximated by the FC-fermion loop in Eq. (2.2.59), as one would expect if
the contribution were dominated by the lightest vector and axial resonances. The net
effect can be estimated starting from the contribution of the Higgs loops and we can
summarize the results in the following:
∆S =
1
6pi
[
(1 − κ2V) ln
Λ
mh
+ ND sin2 θ
]
,
∆T = − 3
8pi cos2 θW
[
(1 − κ2V) ln
Λ
mh
]
, (2.2.60)
where ND is the number of FC-fermion doublets (ND = 2 for SU(2)FC, and 2N for
Sp(2N)FC). In this analysis we assumed the presence of physical cutoff Λ to be identified
with the next massive state. The dependence on the cutoff emerges because the scalar
loop contributions are divergent, as a sign of the effective nature of the Lagrangian.
The divergence is corrected once the proper matching to the underlying UV dynamics
is taken into account. In our phenomenological estimates, we will use
Λ = ΛFC ≈ 2pi f = 2pivsinθ , (2.2.61)
which is very close to the mass of the spin-1 resonances as shown by first-principle lattice
simulations [64, 65, 70, 92]. We also added to ∆S the naive strongly coupled contribution
that should partially take into account the heavier states. This estimate is clearly naive
but should capture at least the correct order of magnitude of the corrections. It should
be stressed that a more appropriate calculation should be employed if one wanted to
use Lattice calculations of the contribution of the strong dynamics to S, as thoroughly
discussed in [133], where one finds also the discussion of the needed counter-terms in
the effective Lagrangian.
The bound from the EWPTs is taken from [138]: SU=0 = 0.06 ± 0.09 and TU=0 =
0.10 ± 0.07 with correlation 0.91.
7The η does not contribute: in fact, its couplings can only generate corrections to the masses and,
because of the custodial symmetry, such corrections do not enter the T parameter.
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Results
Both the Higgs couplings and EWPTs depend only on θ, thus allowing us to extract
an upper bound on the value of this angle. The limits at 3σ are summarized in the
following table [127]:
Higgs (Run-I) Higgs (Run-II) EWPTs (SU(2)FC) Sp(4)FC
θ < 0.46 0.39 0.25 0.24
The numbers show that the bound from EWPTs (indicated by the symmetry group
name) is much stronger than the bounds from the Higgs couplings (indicated as
“Higgs”), and points to values sinθ . 0.2. This value is consistent with bounds
obtained in other models of composite Goldstone Higgs [139]. This result may seem
trivial, however the methods employed to estimate the contribution of the strong dy-
namics are very different. While we use a simple FC-fermion loop, most results in the
literature are based on the calculation of loops of spin-1 resonances [80, 140] and often
include the effects of loops of top partners [141]. From the values in the table, we also
see that there is a mild dependence on the number of doublets in the dynamical model,
thus signalling that the bound is dominated by the contribution of the Higgs boson.
2.3 Introducing the Techni-Higgs (the σ)
As already mentioned in Section 2.1.1, the dynamics also contains a would-be Higgs
boson, besides the pNGBs of the flavor symmetry breaking, which behaves like the σ
particle in QCD and is a singlet under the flavor symmetry. This state is expected to be
heavy (see Sec. 2.1.2), however it may become lighter if the theory is extended to have a
conformal window above the condensation scale [58, 61]. Its presence in the spectrum
is important for EW symmetry breaking models, as it may play the role of the Higgs
boson in Technicolor-like theories [142] or help easing the EW precision bounds if the
SM-like Higgs is dominantly of Goldstone nature [119, 143].
To study its effect when its mass is light, of the order of the pNGB decay constant
f , we can add it to the chiral Lagrangian as in Eq.(2.1.15), with the addition of the
coupling to tops:
L = 1
2
(∂µσ)2 − 12κM(σ)M
2σ2 + κG(σ)
f 2
8
Tr(DµΣ)†DµΣ
+ κm(σ)Tr[χΣ† + Σχ†] +
(
κt(σ) y′t f (Qt
c)†αTr(P
αΣ) + h.c.
)
, (2.3.62)
where we have introduced the field σwith a potential term, together with the modified
pNGB kinetic term and the top Yukawa operator as in Eq. (2.2.39). The dynamics
generates the couplings of σ to the above operators, encoded into the functions κM,G,t,m.
The Lagrangian is well defined when the space-time fluctuations of the field σ are small
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compared to the scale of the dynamics ΛFC ≈ 4pi f . De facto σ becomes a background
field. In this case one can indeed safely neglect terms with higher derivatives acting on
σ, and naturally assume that the functions κ can be expanded for small values of σ as
κM,G,t,m(σ) ∼ 1 + k(1)M,G,t,m
σ
4pi f
+
1
2
k(2)M,G,t,m
σ2
(4pi f )2
+ . . . , (2.3.63)
with the coefficients k(n) of order unity. We can therefore use the Lagrangian in
Eq. (2.3.62) to determine the loop-induced potential for the pNGBs:
V1−loop = κG(σ) Vgauge + κt(σ)2 Vtop . (2.3.64)
The potential above, augmented by the intrinsic σ potential term (with its squared
mass term factored out) and the FC-fermion mass operator, needs to be minimized
with respect to the angle θ parameterising a given vacuum choice, as well as σ. It is
convenient to split σ into a vacuum expectation value and the slowly fluctuating field
ϕ as follows: σ = σ0 + ϕ, where ϕ is identified with the massive physical degree of
freedom, i.e. the “techni-Higgs”. For the angle θ, the minimization condition is similar
to the one performed in the previous sections, up to appropriate factors of κX(σ0):
cosθ =
2κm(σ0) Cm
y′t
2κ2t (σ0) Ct − 3g
2+g′2
2 κG(σ0) Cg
. (2.3.65)
To determine σ0, on the other hand, we need to solve:
M2
f 4
(
κMσ0 +
1
2
κ′Mσ
2
0
)
− 2Cty′t2s2θκtκ′t − Cg
3g2 + g′2
2
c2θκ
′
G − 4Cmcθκ′m = 0 , (2.3.66)
where all the κ functions and their derivatives with respect to σ are evaluated at σ0.
Consistency requires σ0  4pi f for the Taylor expansion of the κ functions to be valid.
Furthermore, from (2.3.62) we see that the κ functions also encode the couplings of
the techni-Higgs to gauge bosons and the top. In fact, expanding around σ0 we find:
m2W = κG(σ0) · g
2
4 f
2s2θ , and gWWϕ =
κ′G(σ0)
κG(σ0)
m2W , (2.3.67)
mt = κt(σ0) · y′t f sθ , and gtt¯ϕ = κ
′
t(σ0)
κt(σ0)
mt . (2.3.68)
These relations become relevant when identifying the techni-Higgs as the SM Higgs.
We want to recall here that the couplings of the σ can, in principle, be computed on the
Lattice and are therefore an intrinsic property of the underlying dynamics.
We will now study this scenario in some limiting cases, starting from the Technicolor
limit, reached for θ = pi/2.
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2.3.1 The Technicolor vacuum
Let us now focus on the Technicolor vacuum, i.e. θ = pi/2, which is obtained in the
limit Cm = 0. In this case the SM Higgs can only be played by the techni-Higgs scalar
ϕ [142], while the two pNGBs h and η become degenerate. The associated complex
state is stable and can play the role a complex dark matter state [58] (see also Sec. 2.4.1).
Phenomenology requires the couplings of ϕ to the gauge bosons to be close to the SM
ones, yielding the following constraints on the function κG:
κ′G(σ0)
κG(σ0)
∼ k
(1)
G
4pi f
≈ 2
v
=
2
f
⇒ k(1)G ∼ 8pi , (2.3.69)
where we are neglecting higher order terms in σ0/(4pi f ). The same analysis for the top
implies
κ′t(σ0)
κt(σ0)
∼ k
(1)
t
4pi f
≈ 1
v
=
1
f
⇒ k(1)t ∼ 4pi . (2.3.70)
We now consider the various contributions to the physical mass for the would-be
Higgs ϕ, and to the one of the complex dark matter particle formed by the two pNGBs.
Truncating the Taylor expansion of the κ function to the first relevant orders we find:
m2ϕ = M
2
(
1 + 3k(1)M
σ0
4pi f
)
−
(
(k(1)t )
2 + k(2)t
)
2pi2
2Cty′t
2 f 2 , (2.3.71)
m2DM = 2Cty
′
t
2 f 2
1 − 3g2 + g′22y′t2 CgCt +
2k(1)t − k(1)G CgCt 3g2 + g′
2
2y′t
2
 σ04pi f
 . (2.3.72)
In our calculation, σ0  4pi f , therefore, at leading order the dark matter mass is the
same as we obtained in the previous section
m2DM ∼ 2Cty′t2 f 2 ' 2Ctm2t , (2.3.73)
where mt = y′t f for θ = pi/2 and κt(σ0) ∼ 1. Analogously, neglecting terms suppressed
by σ0/(4pi f ), the techni-Higgs mass is given by
m2ϕ 'M2 −
(
(k(1)t )
2 + k(2)t
)
2pi2
m2DM ∼M2 − Ct
(
(k(1)t )
2 + k(2)t
)
pi2
m2t . (2.3.74)
The above formula provides a nice correlation between the would-be Higgs mass, the
mass of the dark matter candidate and the top mass under the assumption that no other
explicit SU(4) breaking terms are present in the theory. In particular, this formula shows
the possibility that a potentially large value of M generated by the strong dynamics,
may be cancelled by the mass of the dark matter candidate, which is generated by the
32
top loop as suggested in [9].
Finally, we need to check the consistency of our calculation by checking the value of
σ0, and making sure that it is not too big to invalidate the expansion. An approximate
solution for σ0 reads:
σ0 ∼ 4pi f
3k(1)t Cty
′
t
2
8pi2M2 −
(
(k(1)t )2 + k
(2)
t
)
Cty′t
2 f 2
∼ f · k
(1)
t
2pi
m2DM
m2ϕ
. (2.3.75)
From this equation we see that a small correction σ0  4pi f would require either
mDM < mϕ, or small k
(1)
t < 4pi thus implying that the techni-Higgs has a coupling to
the top smaller that the SM expectation (see Eq.(2.3.70)). Nevertheless, this analysis
does not exclude the possibility to achieve a light techni-Higgs within a consistent
dynamical framework. Furthermore the resulting value of the techni-Higgs mass can
be further lowered because the intrinsic value of M itself can be small with respect to
4pi f . The most discussed example in the literature is the one according to which M is
reduced because the underlying dynamics is near conformal. In this case the techni-
Higgs is identified with the techni-dilaton [25, 28, 29]. Several model computations
have been used to estimate M ranging from the use of the truncated Schwinger-Dyson
equations [144, 145, 146, 147, 148, 149, 150, 151, 152] to computations making use
of orientifold field theories [153, 27]. Perturbative examples have proven useful to
demonstrate the occurrence of a calculable dilaton state parametrically lighter than the
other states in the theory [154, 155, 156]. Last but not the least recent first principle
lattice simulations [157, 158] support this possibility for certain fundamental gauge
theories put forward in [27, 28, 20].
Experimental constraints
The couplings of the 125 GeV Higgs depend on the details of the underlying dy-
namics and are associated to the derivatives of the κX functions. For convenience, we
define the following ratios:
ξ˜G =
κ(1)G
8pi
, ξ˜ f =
κ(1)f
4pi
, ξ˜(2)G =
κ(2)G
32pi2
, ξ˜(2)f =
κ(2)f
16pi2
. (2.3.76)
The normalizations are chosen such that ξ˜G = ξ˜t = 1 would correspond to a SM-like
Techni-Higgs. Assuming the mass gets the correct value, we can compute the bounds
on the couplings of σ to gauge bosons ξ˜G and fermions ξ˜t (we are explicitly assuming
that all fermions couple in the same way, i.e. ξ˜t = ξ˜b = ξ˜l) following the procedure in
Sec. 2.2.6. The results are shown in Fig. 2.2, where we plot 1σ, 2σ and 3σ contours from
the measured Higgs couplings. A fairly large region around the SM limit ξ˜G = ξ˜t = 1
is still open. In principle, there is no reason for these couplings to be close to the
ones of the SM Higgs, however it is fascinating that this happens for the σ meson in
33
★ ▲
0.6 0.8 1.0 1.2 1.4
0.6
0.8
1.0
1.2
1.4
ξ˜G
ξ˜ t ▲★
0.6 0.8 1.0 1.2 1.4
0.6
0.8
1.0
1.2
1.4
ξ˜G
ξ˜ t
Figure 2.2: Region allowed by the Higgs couplings in the TC limit θ = pi/2, with 1σ, 2σ
and 3σ contours from Run-I (left) and Run-II (right) data. The gray vertical region is
allowed by EWPTs at 3σ for SU(2)FC. Figs from [127].
WW, ZZ f f¯
h cosθ cosθ
σ ξ˜G sinθ ξ˜ f sinθ
η 0 0
hh cos 2θ − sin2 θ
σh ξ˜G sin 2θ ξ˜ f sinθ cosθ
σσ ξ˜(2)G sin
2 θ ξ˜(2)f sin
2 θ
ηη - sinθ2 − sin2 θ
Table 2.2: Couplings of one and two scalars to gauge bosons and fermions normalized
to the SM values. The bilinear couplings to fermions, absent in the SM, are normalized
to m f/v2.
QCD [142]. We also compare this allowed region with the bound from EWPTs, which is
only dependent on ξ˜G. The vertical grey band delimits the allowed region for ND = 2,
corresponding to SU(2)FC. A substantial overlap exists, pointing to couplings to gauge
bosons that are larger than the SM values. This effects should become measurable
once more precise data on the Higgs couplings are available. The intersection becomes
smaller for larger gauge groups like Sp(4)FC, which has 4 doublets, while larger Sp(N)FC
are clearly disfavored as EWPTs push the parameters in a region excluded by the Higgs
coupling measurements [119]. These results clearly show that the TC limit is still
allowed, provided that the correct value of the mass can be achieved.
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2.3.2 The Goldstone Higgs vacuum and beyond
We will now study the general case where θ , pi/2, and both the pNGB and techni-
Higgs contribute to the Higgs physics. In this case, the two states mix with each other,
while the singlet η (being pseudo-scalar) does not. For the phenomenology, what is
most relevant are the modification of the couplings to the SM fermions and gauge
bosons. A summary of the couplings of the 3 scalars to the SM states normalized to the
SM values can be found in Table 2.2, where we also report the couplings of two scalars
to fermions, normalized to m f/v2, which are relevant for pair production of the scalars
at the LHC. The importance of such couplings for the Higgs pair production has been
stressed in [159].
Here, we will keep the discussion general, so we will simply replace h and σ by the
mass eigenstates h1,2, where the lighter states h1 is identified with the observed Higgs
at mh1 = 125 GeV: (
h1
h2
)
=
(
cα sα
−sα cα
) (
h
σ
)
. (2.3.77)
Both the mass mh2 and the mixing angle α will be considered here as independent free
parameters. It should only be reminded that α→ 0 for θ→ 0, as the EW symmetry is
not broken in that limit, and also α→ pi/2 for θ→ pi/2 as a global U(1) subgroup will
prevent mixing in the TC limit [58] (and we need to associate the observed Higgs with
σ). The sign of α is not determined, however the analysis in [69] shows that the mass
of the light state will generically receive a negative correction from the mixing, that is
reduced with respect to the prediction in Eq. (2.2.50). We can therefore consider that
mη >
mh1
sinθ
. (2.3.78)
We also present the trilinear couplings among scalars, which are relevant for the
pair production of the discovered Higgs
gh3 =
3m2h
v
cosθ , (2.3.79)
gσh2 =
m2h
v
1
sinθ
(
ξ˜(1)m cos
2 θ − 2ξ˜t cos(2θ)
)
, (2.3.80)
gσ2h =
m2h
v
2 cosθ
sinθ
(
ξ˜(2)m − (ξ˜(2)t + ξ˜2t )
)
, (2.3.81)
and of η:
ghη2 =
m2h
v
cosθ , (2.3.82)
gση2 =
m2h
v
1
sinθ
(
ξ˜(1)m cos
2 θ + 2ξ˜t sin2 θ
)
, (2.3.83)
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where we defined, for convenience,
ξ˜(1)m =
κ(1)m
4pi
, ξ˜(2)m =
κ(2)m
16pi2
, (2.3.84)
and we are working in the non-diagonalized scalar basis. It is interesting to notice that
the couplings of σ diverge for small θ: this is a sign that they are proportional to the
condensation scale f and thus increase for increasing condensation scale. The trilinear
coupling of σ cannot be determined as it comes directly from the strong dynamics. It
should therefore be considered as an additional free parameter, also proportional to the
condensation scale f .
Experimental constraints
The indirect experimental constraints from the Higgs coupling measurements and
EWPTs can be extracted following the procedure in Sec. 2.2.6, with the only modification
that both scalars h1,2 now enter the expressions for the oblique parameters:
∆S =
1
6pi
[
(1 − k2h1) ln
Λ
mh1
− k2h2 ln
Λ
mh2
+ ND sin2 θ
]
,
∆T = − 3
8pi cos2 θW
[
(1 − k2h1) ln
Λ
mh1
− k2h2 ln
Λ
mh2
]
, (2.3.85)
where
kh1 = cos(θ − α) + (ξ˜G − 1) sinθ sinα ,
kh2 = sin(θ − α) + (ξ˜G − 1) sinθ cosα . (2.3.86)
As a starter, we can consider a situation where the mixing between the two states is
small, i.e. α ≈ 0, while the SM-like Higgs is identified with the pNGB state. Via a large
ξ˜G, however, the heavier state h2 ≈ σ can affect the bounds. The upper bounds on θ, as
a function of the mass mh2 for various couplings are shown in Fig.2.3, showing that the
bound we found in Sec. 2.2.6 can be significantly reduced if the σ remains lighter than
about 1 TeV.
We now turn our attention to the most general case. To reduce the number of
unknown parameters, we fix the σ couplings as follows: ξ˜G = ξ˜t = ξ˜. We also fix the
mass of the heavier Higgs h2 and plot the bounds in the plane θ–α. In Fig. 2.4, we show
the bounds in the cases ξ˜ = 0.8, 1, 1.1, and mh2 = 1 TeV. For ξ˜ = 1 (central column)
the plots show a degeneracy in the bounds from the Higgs couplings due to the fact
that the couplings of both the light and heavy Higgses depend only on the difference
(θ−α). On the other hand, EWPTs, in absence of any near-conformal dynamics [134] or
sources of isospin breaking, is well known do prefer small θ cutting out the TC corner.
Interestingly, however, we observe a novel way to loosen the bound on θ, thanks to a
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Figure 2.3: Upper bound on θ as a function of the mass of σ. The red curve corresponds
to the decoupling limit θ < 0.239, while for the other lines correspond to ξ˜G = 0.5, 1
and 1.2, while we keep α = 0 and ND = 2. Fig. from [127].
positive mixing angle α allowing for values of θ up to pi/4. This is an interesting result
since it would reduce the level of fine-tuning needed to achieve either a pure pNGB
or TC limit. The situation is qualitatively different for values of ξ˜ different from 1, as
shown in the left and right columns. For couplings smaller than unity, the allowed
regions shrink, as the contribution of the heavy Higgs, which tends to compensate for
the modification of the Higgs couplings, becomes less important. For larger couplings
ξ˜ > 1, the situation is very different: the EWPT allowed regions expand until the TC
limit is reached, while the Higgs coupling bounds tend to shrink. In the right column
of Fig. 2.4, drawn for ξ˜ = 1.1, we see that the TC limit is allowed. Going to even larger
values, for example ξ˜ = 1.2 the TC limit is at odds with the measurements of the Higgs
couplings but not with EWPTs. This is due, however, to our choice of ξ˜G = ξ˜t. We
have shown in the previous section that smaller values of ξ˜t would reconcile the Higgs
couplings with the experimental measurements.
The same interplay between the pNGB Higgs and the techni-Higgs has been dis-
cussed in the framework of top partial compositeness in [143].
2.4 Minimal Composite Dark Matter
One of the earliest models of composite Dark Matter (cDM) is a stable particle
emerging from Technicolor: Nussinov pioneered the idea of the lightest techni-baryon
as a cDM candidate [160]. This fermionic bound state had a natural connection to the
observed baryon density by way of the electroweak sphalerons. Another possibility
is a techniquark-technigluon bound state in minimal walking Technicolor [161]. Here
the cDM can be Majorana in nature and its relic abundance is determined by thermal
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Figure 2.4: Regions allowed by the Higgs couplings for mh2 = 1 TeV and for Run-I (top
row) and Run-II (bottom row) data, for 3 values of ξ˜ = 0.8, 1, 1.1. The grey dashed line
indicates the 3σ bound from EWPTs in the SU(2)FC. Fig from [127].
freeze-out arguments. In both scenarios, the cDM would be the lightest (quasi)-stable
composite state carrying a B′ charge of a theory of dynamical electroweak breaking
featuring a spectrum of technibaryons (B′) and technipions. Generically, baryonic-type
cDM candidates tend to be very heavy, in the multi-TeV range.
Another possibility is that the cDM candidate arises as a pNGB of the strong dy-
namics, thus having a mass that is parametrically smaller than the scale of confinement.
This would allow for lighter cDM candidates, even in models where the strong dynam-
ics is associated to the EW scale [161]. In the following, we will consider this possibility
in detail in the context of the template model introduced in this Section.
2.4.1 TIMP
As a first example, we will consider a candidate that appears in a minimal Techni-
color theory, where the Higgs boson is associated to a light composite state. We will
thus consider our template in the same setup we used to study the properties of the
Higgs in Sec. 2.3, with the vacuum aligned to the Technicolor limit θ = pi/2. This model
has been proposed and studied in [58, 108], and can be tested at collider experiments
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Figure 2.5: Resulting direct detection limits on pNGB DM in the SU(2)FC gauge theory
with 2 Dirac flavors in the fundamental representation, with ΛFC = 2.5 TeV. In the left
plot, we neglect the charge radius coupling and vary ξ˜t, ξ˜G within the allowed region
(see Sec. 2.3.1), with δξ˜ = |ξ˜t−ξ˜G| = 0.002 (red), 0.01 (purple) and 0.05 (blue). In the right
plot we assume SM-like couplings for the techni-Higgs, and show dB = 0.01 (red), 0.1
(purple) and 1 (blue). The black lines show the experimental bounds from XENON1T
(solid) with the 20 ton projection (dashed) [162], while the grey dashed one shows the
projections for the future LUX-ZEPLIN experiment [163].
due to the light cDM mass [110]. A U(1) subgroup of SU(4) is thus left unbroken, cor-
responding to the generator X5 of (2.1.6), which is now preserved by the TC-vacuum.
The two pNGBs, h and η, form a complex scalar φ = h+iη√
2
, with zero electric charge, and
the pNGB matrix from (2.2.27) can be written as
Σ =
[
cos
x
f
1 +
√
2
x
sin
x
f
(
0 φ†(iσ2)
φ(iσ2) 0
)]
· Σ0 (2.4.87)
where x =
√
2φ∗φ. The LO chiral Lagrangian reads
L(p2) = 12
(
1 +
f 2
x2
sin2
x
f
)
(∂µφ)∗∂µφ +
(
m2WW
+
µW
−,µ +
1
2
m2ZZµZ
µ
)
cos2
x
f
+
1
2x2
(
1 − f
2
x2
sin2
x
f
)
(φ2∂µφ∗∂µφ∗ + (φ∗)2∂µφ∂µφ) . (2.4.88)
It clearly shows that it is invariant under the U(1), and that couplings of the scalar φ to
a single EW gauge boson vanish.
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The mass of the cDM candidate can be computed along the same lines of the
previous Sections: from Eq. (2.3.72), neglecting the effect of the couplings to the singlet
(techni-Higgs), we find
m2φ = 2 f
2
(
Cty′t
2 − 3g
2 + g′2
2
Cg
)
= 2Ctm2t − Cg(2m2W + m2Z) . (2.4.89)
For Ct ∼ Cg ∼ 1/8, the cDM mass is mφ ∼ 70 GeV. This example of pNGB cDM has been
studied on the lattice [64, 65] where it has been found that the form factor obeys vector
meson dominance [65]. At low-energies the dominant interaction of cDM φ with the
SM comes from charge radius interactions
∆Lγ = ie
dB
Λ2FC
φ∗
←→
∂µφ∂νFµν , (2.4.90)
and Techni-Higgs interactions
∆LH =
d1
ΛFC
H∂µφ∗∂µφ +
d2
ΛFC
m2φ Hφ
∗φ . (2.4.91)
Note that H ≡ ϕ is the Techni-Higgs field described in Sec. 2.3. The first term in the
Lagrangian (2.4.91) comes from the couplings of the techni-Higgs to the pNGBs, i.e.
the function κG of Eq. (2.3.62), while the second comes from the potential. They can be
computed in terms of the Lagrangian in Eq. (2.3.62), and given by
d1
ΛFC
=
κ(1)G
4pi f
=
2ξ˜G
v
,
d2
ΛFC
= −2ξ˜t
v
− 2 ξ˜t − ξ˜G
v
Cg
2m2W + m
2
Z
m2φ
, (2.4.92)
where the latter can be computed starting from the loop induced mass term, with
couplings of the tecnhi-Higgs from Eq. (2.3.64). Following the results in Sec. 2.3.1, see
Eq. (2.3.76), we relate such couplings to the coupling modifiers of the techni-Higgs,
which is thus SM-like for ξ˜G = ξ˜t = 1.8 On the other hand, the charge radius coupling
dB can only be determined by means of a Lattice computation. Therefore this model is
automatically “isospin-violating” since the charge radius term ∆Lγ couples only to the
protons while the Higgs interaction ∆Lh couples to all nucleons. The computation of
the spin–independent cross sections can be done by following Ref. [65]: interestingly,
in the limit of vanishing momentum transfer, the contribution of the Higgs couplings
is proportional to
dH = −
m2φ
v
d1 + d2
ΛFC
= 2(ξ˜t − ξ˜G)
m2φv2 + Cg 2m2W + m2Zv2
 , (2.4.93)
8This relation was not used in Ref. [65], where d1,2 were considered free couplings.
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thus the cross section vanishes for ξ˜G = ξ˜t, which is true in particular for a SM-like
techni-Higgs. We show some results in Fig. 2.5, where the solid black line corresponds
to the current strongest bound from XENON1T [162] (similar bounds were obtained
by LUX [164] and PandaX-II [165]). The dashed lines report the projections for future
experiments: the 20 ton case of XENONnT [162] in black and LUX-ZEPLIN [163] in
grey. For the model curves, we made two choices: in the left panel we assume dB = 0
(corresponding to isospin symmetric models) while choosing allowed values for the ξ˜
parameters (see Sec. 2.3.1); in the right panel we fix SM-like couplings for the techni-
Higgs and show results for dB = 0.01, 0.1, 1. The left plot shows that even small
deviations from the SM-like couplings of the order of few percent could give rise to
exclusion by current direct detection limits, while future experiment will be able to
probe sub-percent values. Furthermore, due to the mass dependence of the effective
coupling, large masses above few hundred GeV are more strongly constrained. On the
left plot we show the effect of dB, which gives roughly mφ–independent cross sections,
with sensitivity of current limits starting at dB = 0.1. The model cross sections show an
”average” nucleon cross section on Xenon, defined as
σN = σp
|Z + (A − Z) fn/ fp|2
A2
, (2.4.94)
where A = 131 and Z = 54 for Xenon atoms, while fp and fn are effective couplings to
protons and neutrons respectively (see [65] for more details), and σp is the cross section
on protons.
2.4.2 Goldstone Dark Matter and Higgs
The minimal template model, SU(4)/Sp(4), does not have enough space in the coset
to feature a stable pNGB in the Goldstone-Higgs limit, θ , pi/2. In fact, the only
potential cDM candidate, the singlet η [102], decays promptly via couplings generated
by the WZW term of Eq. (2.1.16), as η → W+W−, ZZ, Zγ [61, 69]. It is therefore
necessary to extend the minimal template in order to obtain at the same time pNGB
Higgs and Dark Matter.
This can be easily done by adding one more Dirac flavor to the matter content of
Table 2.1: the two additional FC-fermions, F 5,6, can thus transform either as an SU(2)R
doublet (Case A) or an SU(2)L doublet (Case B) [66]. The symmetry breaking pattern
is now extended to SU(6)/Sp(6), featuring 14 pNGBs: they always include two Higgs
doublets H1,2, two pseudo-scalar singlets η1,2, one scalar singlet ϕ0, and a triplet ∆R/L
of SU(2)R (Case A) or of SU(2)L (Case B). In both cases, some of the pNGBs can remain
stable if the misalignment of the vacuum happens only along the direction of one of
the two Higgs doublets, say H1. A detailed study of the vacuum structure in Case A
can be found in [66]. The pNGB properties are summarized in Table 2.3 in the vacuum
preserving a cDM candidate. Besides the quantum numbers of the triplets ∆L/R, the
two cases are distinguished by the type of dark symmetry:
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pNGB Higgs sector DM sector
Case A
H1 ≡ 2±1/2
η1 ≡ 10
η2 ≡ 10
H2 ≡ 2±1/2
ϕ0 + i∆0R ≡ 10
∆±R ≡ 1±1
Case B
H1 ≡ 2±1/2
η1 ≡ 10
η2 ≡ 10
H2 ≡ 2±1/2
ϕ0 ≡ 10
∆L ≡ 30
Table 2.3: Quantum numbers under SU(2)L and hypercharge for the pNGBs in the
SU(6)/Sp(6) models A and B. The DM sector features a global U(1)DM in Case A, and a
Z2 discrete symmetry in Case B. The two pseudo-scalar singlets η1,2 decay into a pair
of SM gauge bosons via the WZW interactions.
Case A: A global U(1)DM symmetry, contained in the unbroken Sp(6), is preserved, under
which the second Higgs doublet H2, the triplet ∆R and the singletϕ0 form charged
combinations. This case has been studied in detail in [66].
Case B: A Z2 symmetry is left preserved, under which the second doublet H2, the triplet
∆L and the singlet ϕ0 are odd. This case has been studied in [166].
In both cases, the cDM candidate will be the lightest neutral mass eigenstate of
the stable lot of pNGBs9, which naturally mix via the potential. The two cases have,
however, a crucial difference: in Case A, the cDM candidate is a complex scalar field,
while in Case B it’s a one-component pseudo-scalar. This implies that, in Case A, via
mixing with the doublet H2, the cDM candidate will have a non-vanishing coupling
to the Z boson, proportional to (1 − cθ) ≈ s2θ, which induces a large spin-independent
cross section on nuclei. Therefore, most of the masses for Case A are excluded by
direct detection unless sθ  10−2 [66]. In Case B, being the cDM a real pseudo-scalar,
no coupling to the Z is allowed, thus direct detection bounds are milder. Thanks
to the couplings to the SM generated by the potential and top couplings, the pNGB
Dark Matter candidate can be considered as a thermal relic: this has been considered
in various cosets in [68, 167, 168, 169, 170, 171, 172]. In [166] an alternative non-
thermal mechanism has been proposed: this is based on the idea that the vacuum of
the theory could be aligned to Technicolor vacuum at high temperatures, i.e. close to
the phase transition leading to the condensates. In this vacuum the theory resembles
the one described in the previous section, where a global U(1) remains unbroken
and an asymmetry in charged pNGBs can be generate along with baryogenesis. In
the SU(6)/Sp(6) model, there are also Z2–odd states that carry U(1) charges, and the
asymmetry stored in them can be preserved until today once the vacuum rotates away
from the Technicolor alignment.
9We are implicitly assuming that the pNGBs are the lightest composite states of the theory, i.e. other
dark–charged resonances are heavier.
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In any case of pNGB Dark Matter, couplings to the Higgs arise in a similar fashion to
Eq. (2.4.91): however, being the Higgs h itself a pNGB, the derivative coupling vanishes,
d1 = 0. This fact can be easily understood as the kinetic operator in the chiral Lagrangian
cannot break the shift symmetry in the pNGB fields, so that the only coupling can be
generated by the explicit breaking terms in the potential. This fact, however, is only
true in our vacuum parametrization, see Section 2.2.1. In the most common choice
in the literature, where the pNGB Higgs is allowed to develop a vacuum expectation
value, derivative couplings are also generated [102], however the two approaches must
give the same physical results. In [169], the fact that a pNGB Dark Matter can only
have derivative couplings to the Higgs has been used to explain why direct detection
rates, which rely on very low energy processes, are naturally suppressed. However,
as we just explained, this is a basis-dependent statement, and the true reason behind
the suppression of direct detection should be looked for in the smallness of the terms
explicitly breaking the shift invariance.
2.4.3 (not) the SIMPlest miracle
In a recent paper [72] the authors revived an alternative mechanism [173, 174] for
achieving the observed dark matter relic density. Instead of using 2 → 2 annihilation
processes, they assume that a dominant 3 → 2 number-changing process occurs in
the dark sector involving strongly interacting massive particles (SIMPs). This process
reduces the number of dark particles at the cost of heating up the sector. However,
the presence of hot dark matter is problematic for structure formation, which means
that at the time of freeze-out, the dark matter particles must be in thermal equilibrium
with the SM ones. This, in turn, requires small couplings between the dark and the SM
sectors. In this way the energy from the dark sector can be transferred to the standard
model via scattering processes.
The coupling between the two sectors allows for direct and indirect detection, while
the large self-interactions can play a role in structure formation, by solving the core
vs. cusp problem [175]. Compared to the WIMP paradigm, where the dark particles are
typically expected to be around the TeV scale, this model can yield masses around a few
100 MeV. This is an interesting alternative to the WIMP paradigm given the fact that
current experiments are putting substantial constraints on this old paradigm. These
constraints can, however, be alleviated or even be completely offset within the recently
proposed safe dark matter paradigm [176].
A follow-up paper [177] introduced an explicit realization of the SIMP mechanism
based on an underlying strongly coupled sector described via chiral perturbation the-
ory. In this set-up, the pNGBs constitute the cDM particles and a key role is played by
the time-honoured Wess-Zumino-Witten (WZW) term [87, 88, 89]. The WZW term is
non-vanishing in theories where the coset space of the symmetry breaking pattern has
a non-trivial fifth homotopy group. This topological term introduces a 5-point pion
interaction, making it an ideal candidate for the 3 → 2 annihilation process. In QCD,
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for example, the term describes the annihilation of two kaons into three pions. Here
we shall only be concerned with the symmetry breaking pattern SU(2N f ) → Sp(2N f )
for N f = 2. The simplest realization of this breaking pattern comes from an underlying
Sp(2)FC = SU(2)FC gauge group, thus matching our minimal template, but in general
it can be realized for any Sp(Nc) gauge group. The actual pattern of chiral symmetry
breaking depends on the number of flavors, colors and matter representation.
The computations performed in [177] make use of the first non-vanishing order
in the chiral expansion for the 3 → 2 and 2 → 2 processes. For the 3 → 2 annihila-
tion process, it is one order higher than the related 2 → 2 self-interaction process. It
is, however, important to analyse the physical results via a consistent next-to-leading
(NLO) and next-to-next-to-leading order (NNLO) chiral perturbative treatment. The
leading order analysis is phenomenologically unreliable because it is outside the range
of convergence and higher order corrections increase the tension with respect to the
phenomenological constraints making it hard for the SIMPlest realization to be phe-
nomenologically viable [178].
Consistent Setup
Since the 3→ 2 process emerges at the four-derivative level, while the the 2→ 2 have
leading O(p2) contribution, a potential mismatch in power counting is introduced when
both are considered at their respective leading contribution. In the SIMP set-up, the
solution of the Boltzmann equation depends on the thermally averaged cross section
for the 3 → 2 process. It returns a value for the pion decay constant, as a function
of the pion mass, such that the expected relic density is obtained. These values are
subsequently substituted into the cross section for the 2 → 2 self-interaction, which is
constrained by observations of e.g. the bullet cluster [179]. Technically, the mismatch
arises because the two processes, unless computed to the same order, disagree on the
definition of the physical pion mass mpi and decay constant fpi. At NLO they can be
written as:
m2pi = m
2
[
1 +
m2
f 2
(amL + bm) + O
(
m4
f 4
)]
, (2.4.95)
fpi = f
[
1 +
m2
f 2
(a f L + b f ) + O
(
m4
f 4
)]
. (2.4.96)
Here m and f are bare parameters from the LO chiral Lagrangian, ai and bi are combi-
nations of NLO LECs and L is a log term defined as
L =
1
16pi2
log
(
m2pi
µ2
)
, (2.4.97)
µ being the renormalization scale. The amplitude should also be expressed in terms of
the physical quantities defined above, and not the bare ones. From this argumentation
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it is clear that a consistent calculation requires both processes to be calculated at the
same order in the chiral expansion.
In practice it means that one has to go beyond leading order when computing the
2 → 2 process. The consistent computation has been done in [178], upon which most
of the results in this sections are based. We will, therefore, follow this strategy and
compute full NLO corrections to the 2 → 2 cross sections. Going to NLO will also
allow us to extend the convergence of the series, thus obtaining more reliable results.
To check the stability of the perturbative expansion we will also estimate the NNLO
corrections, by only retaining the direct contributions from the loop diagrams and
neglecting the finite contributions from the NNLO operators. We will see that the
NNLO results are already much closer to the NLO, than the NLO are to the LO for a
much wider range of pion masses.
Scattering and Relic Density
The calculation of the relic density in the SIMP scenario follows a slightly modified
Boltzmann equation for the 3→ 2 process, which reads
n˙ + 3Hn = −(n3 − n2neq)〈σv2〉3→2 , (2.4.98)
where n(t) is the pion number density and H is the Hubble constant. Following the
argument in [72], we neglect contributions from the 2 → 2 annihilation into standard
model particles because they are sub-dominant. To solve the differential equation we
rewrite it in terms of the dimensionless quantities Y = n/s and x = mpi/T, with s being
the entropy and T the temperature. For the entropy and matter density we used the
standard definitions
ρ =
pi2
30
ge(T)T4 , s =
2pi2
45
he(T)T3 , (2.4.99)
where ge and he are the effective degrees of freedom contributing to the entropy and
density, respectively. In this notation, the differential equation becomes
dY
dx
= −
√
4pi5g∗
91125G
m4pi
x5
(Y3 − Y2Yeq)〈σv2〉3→2 , (2.4.100)
where g∗(x) combines information from both ge(T) and he(T) into a single function for
the effective degrees of freedom (the function is different from the function used in the
2→ 2 case). The equilibrium function Yeq can be written as
Yeq =
45Npix2
4pi4ge(mpi/x)
K2(x) , (2.4.101)
45
where K2(x) is the modified Bessel function of the second kind and Npi is the number of
pions. The thermally averaged scattering cross section reads [177]
〈σv2〉3→2 = 75
√
5
512pi5x2
m5pi
f 10pi
N2c
N3pi
, (2.4.102)
where Nc is the number of colors (Nc = 2 in the minimal case) and our definition of the
pion decay constant fpi differs by a factor of one-half compared to the original paper.
For each value of the pion mass, the value of fpi is chosen in such a way that the solution
to the Boltzmann equation saturates the expected relic density. The above cross section
derived from a single diagram generated by the WZW topological term we introduced
in Eq.(2.1.16).
To determine the pion-pion scattering amplitude, the authors of [178] followed the
formalism of the non-linearly realized chiral Lagrangian of [180], which is equivalent to
the one we defined in Eq.(2.1.13) by a redefinition of the LECs. We will omit the details
here, and refer the reader to [178]. At NLO there are three new diagrams contributing
to the amplitude for pion-pion scattering (see [180] for details and diagrams) and at
NNLO there are twelve additional diagrams. The scattering amplitude can be written
as
T(s, t,u) = ξabcdB(s, t,u) + ξacbdB(t,u, s)
+ ξadbcB(u, s, t) + δabδcdC(s, t,u)
+ δacδbdC(t,u, s) + δadδbcC(u, s, t) ,
(2.4.103)
where ξabcd is a group theoretical factor that depends on the breaking pattern and the
number of flavors. At NLO there is only one diagram for the 3 → 2 process while at
the NNLO there are three more diagrams. However, only two of these diagrams are
non-zero in the approximation of vanishing NNLO LECs.
Results
We are now ready to discuss the physical results both at the NLO and NNLO. At
the NLO, we retain the LECs that uniquely specify the underlying strongly coupled
theory. These constants are expected to be a number of order unity suppressed by a loop
factor 1/(16pi2). To determine the LECs one can either use experiments, when available
(as for QCD), or perform lattice simulations when the underlying theory is known
[64, 65, 70]. For QCD the NLO LECs are known [181] and most of them are of the order
O(10−4), interestingly this is an order of magnitude smaller than naı¨vely expected. In
the current model, their value is thus randomized using a Gaussian distribution with
spread 5× 10−4 and zero mean. By averaging over a large number of samples we arrive
at a NLO band that reflects the size of the contributions from those LECs.
In Figure 2.6 we plot the solution to the Boltzmann equation (dashed orange line) and
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Figure 2.6: Dashed lines belong to the left axis and solid lines to the right axis. The
dashed orange line is the solution mpi/ fpi to the Boltzmann equation and the dashed
horizontal line is the upper perturbative limit mpi/ fpi = 4pi. The two solid lines are the
cross section for the 2 → 2 self-interactions at LO (blue) and NLO (orange). The band
on the orange line is the uncertainty from the low-energy constants. The solid grey
band is the upper limit on the self-interactions. Figs from [178].
the cross section for the 2→ 2 self-interactions (solid lines) at LO (blue line) and NLO
(orange line). The band on the orange line is the estimated effect from the low-energy
constants. The horizontal dashed line is the upper perturbative limit mpi/ fpi = 4pi. The
cross section for the self-interactions is constrained from above by the solid grey line.
The constraint from the bullet cluster [179] is σ/mpi . 1 cm2/g but simulations of halo
structures [182, 183] suggest that the limit might be closer to σ/mpi . 0.1 cm2/g. This
uncertainty is reflected in the grey band. The model is phenomenologically relevant
when the dashed orange line is below the perturbative limit and the self-interactions
are below the solid grey line.
However, for Nc = 2 these two criteria are never met simultaneously when the NLO
corrections are properly taken into account. The results demonstrate that the NLO
corrections are crucial to establish the phenomenological viability of the model. The
right panel of Figure 2.6 shows that by substantially increasing the number of colors
one may still hope to meet the phenomenological criteria although in this case a more
careful use of the large-Nc expansion is needed.
Because we assume small couplings to the standard model, there is also a lower
limit on the dark matter mass of around 10 MeV. In fact, lighter masses will change
the effective number of neutrino species [184] which is in tension with the Planck data
[185].
Since, for the region of phenomenological interest, the NLO corrections are quite
sizeable (especially for small values of Nc) we also estimate the NNLO corrections. To
consistently include these higher order corrections, we re-determined the solution to
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Figure 2.7: Same as Fig. 2.6 including NNLO corrections. Figs from [178].
the Boltzmann equation using the thermally averaged cross section
〈σv2〉NNLO3→2 = 〈σv2〉NLO3→2
(
1 +
m2pi
f 2pi
(awL + bw)
)
, (2.4.104)
at NNLO. The term awL comes from the loop corrections whereas the last term bw
would contain the NNLO LECs if we had included them. As it turns out, the solution
is relatively insensitive to the value of bw assuming it is of order O(1/(16pi2)). This
means that setting the low-energy constants to zero in the amplitude for the 3 → 2
process is a reasonable approximation. For the self-interactions we estimate the effects
from just the NLO LECs in the same way as before.
In Figure 2.7 we show the solution to the Boltzmann equation (dashed red line)
and the 2 → 2 scattering cross section (solid red line) at NNLO. There are two im-
portant points to make: (a) the solution mpi/ fpi decreases, making the investigation
more amenable to a perturbative analysis, while (b) the cross section seems to increase
further, strengthening the tension with the self-interaction constraints. If the solution
did not decrease one would have seen a more dramatic increase in the NNLO cross
section. This underlines the importance of a consistent calculation. Despite the small
difference between the NLO and NNLO cross sections, we observe a more prominent
effect from the LECs as indicated by the purple band. There are two reasons for the
increased uncertainty. It is partly due to the fact that the N-LECs enter more frequently
in the NNLO result, but also because the squared norm of the NLO amplitude enters
in the NNLO cross section. Because this quantity is strictly positive, the average of a
Gaussian distribution deviates from zero.
In Figure 2.8 we provide regions of validity where the different orders in perturba-
tion theory can be trusted up to around 20%. The dots show where each order breaks
down because the corrections from the next order are of equal magnitude. For the
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Figure 2.8: The shaded regions indicate where the different orders in perturbation
theory can be trusted up to around 20%. The blue line is LO, orange line is NLO and
red line is NNLO. The dots show for, each order, when the next order corrections are of
the same magnitude. The estimates are obtained neglecting the LECs. Figs from [178].
NNLO case the values are rough estimates from extrapolating via the previous orders.
In the grey region the theoretical uncertainty of the NNLO expansion is more than 20%.
We therefore estimate that for Nc = 2 perturbation theory at NNLO is reasonable up
to around 30 MeV. However, besides the aforementioned constraint coming from the
effective number of neutrino species for masses below 10 MeV, this region is excluded
by the constraint on the self-interactions. Even by allowing the NNLO treatment to
be used beyond this point, the model cannot easily meet the phenomenological con-
straints. It is clear from the figure that the claimed phenomenologically relevant region
[177] is far beyond LO perturbation theory.
For the case of Nc = 16 one has control up to around 110 MeV at NNLO, but here
the theory is still in tension with the constraints on self-interactions. However, after
this point the theory meets the constraints for plausible combinations of low-energy
constants.
One can introduce additional breaking of the flavor symmetry which, in principle,
can reduce the 2 → 2 scattering amplitude [177], but it will not change the range of
convergence for the different perturbative orders.
By consistently using chiral perturbation theory we studied the phenomenological
viability of an interesting class of cDM models. In these models the relic density of the
dark pions is achieved via 3→ 2 number-changing processes making use of the WZW
term. We determined both the 3 → 2 and the 2 → 2 processes to the NLO and NNLO
order in the chiral expansion and showed that higher order corrections substantially
affect the LO result of [177] for the 2 → 2 processes. At the NLO and NNLO we have
shown that the SIMPlest models [177], with a moderate number of underlying colors,
are at odds with phenomenological constraints. However, for sufficiently many colors,
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or via additional breaking of the flavor symmetry, it is still possible to find small regions
in the parameter space consistent with phenomenological constraints.
These results are also of immediate interest for different realizations of composite
dark matter [58] and/or composite (Goldstone) Higgs [56, 69, 119] featuring the same
pattern of chiral symmetry breaking. Furthermore first principle lattice simulations
of the underlying dynamics [64, 65, 70] are able to provide crucial information on the
low-energy constants [91].
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Chapter 3
SM Fermion mass generation, a critical
overview
The SM Higgs allows for a direct and efficient way to give mass to the SM fermions.
The masses arise via renormalizable Yukawa interactions of the fromψRHψL +h.c. with
ψ being a generic SM fermion. A drawback of this sector is the rigid structure of the
SM Yukawa interactions: the number and phases of each coupling is dictated by the
quantum numbers of the fields involved. As a consequence, there is a single source
of CP violation in the quark sector, and it is not allowed to include additional sources
that would be needed, for example, to generate the observed baryon asymmetry. On
the contrary, extensions of the SM in which the Higgs sector is replaced by a new
theory inevitably lead to a richer structure and novel theoretical and phenomenological
opportunities.
In this chapter we concentrate on the mechanisms that have been envisioned to
endow SM fermions with masses in models of composite dynamics.
3.1 Time-honored approaches
In any composite model in which the Higgs arises as composite bilinear of the un-
derlying FC-fermions, one has that the SM Yukawa couplings amount to four-fermion
operators. The latter can be naturally interpreted as a low energy operator induced
by a new strongly coupled gauge interaction emerging at energies higher than the
electroweak theory. This mechanism has been termed Extended Technicolor (ETC)
[5, 186].
Here we will describe the simplest ETC model in which the ETC interactions connect
the chiral symmetries of the FC-fermions to those of the SM fermions (see left panel
of Fig. 3.1). To agree with earlier notation in this section we indicate with F the
FC-fermions and address all SM fermions with ψ.
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Figure 3.1: Left panel: ETC gauge boson interaction involving FC-fermions and SM
fermions. Right panel: Diagram contribution to the mass to the SM fermions, where
the black dot on the left-side stands for the F -condensate.
When Fun. Color chiral symmetry breaking occurs it leads to the diagram in the
right panel of Fig. 3.1. Let’s start with the case in which the ETC dynamics is represented
by an SU(NETC) gauge group with:
NETC = NFC + Ng , (3.1.1)
and Ng = 3 is the number of SM generations. In order to give masses to all SM fermions,
in this scheme one needs a condensate for each SM fermion. This can be achieved by
using as FC-fermions a complete generation of quarks and leptons (including a right-
handed neutrinos), but now charged with respect to the FC interactions.
The ETC gauge group is assumed to spontaneously break Ng–times down to
SU(NFC), thus permitting three different mass scales, one for each SM family. This
type of TC with associated ETC is termed the one family model [187]. The SM heavy
masses emerge by the breaking occurring at the lowest energies and the light masses
via the breaking at highest energy scales. This model does not, per se, explain how the
gauge group is broken several times, neither is the breaking of weak isospin symme-
try accounted for. For example we cannot explain why neutrinos have masses much
smaller than the associated electrons. See, however, [188] for progress on these issues.
Schematically one assumes that the gauge group SU(NFC + 3) breaks to SU(NFC + 2) at a
scale Λ1 giving mass to the first generation of fermions of the order of m1 ∼ 4pi(FFCpi )3/Λ21.
A second breaking occurs leaving behind SU(NFC + 1) at a dynamical scale Λ2 yielding
a second generation mass of the order of m2 ∼ 4pi(FFCpi )3/Λ22. Finally, the last breaking
SU(NFC) at scale Λ3 yields the last generation mass m3 ∼ 4pi(FFCpi )3/Λ23. Starting from
the low energy FC theory, the priority is therefore on discussing the interactions that
generate a mass for the top (and the remainder of the third generation).
For the template model of Chapter 2, a concrete example of ETC for the top has
been presented in [105]. In this model, the FC group SU(2)FC and the QCD SU(3)c
are partially unified in a SU(5) group, where three F are embedded together with the
quark doublet and the right-handed top in 5’s of SU(5). The total gauge group of the
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model is therefore extended to
SU(5) × SU(2)′FC × SU(3)′c × SU(2)L ×U(1)Y , (3.1.2)
where the breaking
SU(5) × SU(2)′FC × SU(3)′c → SU(2)FC × SU(3)c (3.1.3)
is assumed at the scale Λ3. The off-diagonal gauge boson in SU(5), will therefore
generate the appropriate four-fermion interactions that correspond to the top mass
operators, see Eq. (2.2.25).
Without specifying an ETC one can write down the most general type of four-
fermion operators involving FC-fermionsF and ordinary fermionic fieldsψ. Following
the notation of Hill and Simmons [189], we write:
L = αab
F¯ γµTaF ψ¯γµTbψ
Λ2ETC
+ βab
F¯ γµTaF F¯ γµTbF
Λ2ETC
+ γab
ψ¯γµTaψ ψ¯γµTbψ
Λ2ETC
, (3.1.4)
where the T’ss are unspecified ETC generators. After performing a Fierz rearrangement
one has:
αab
F¯ TaF ψ¯Tbψ
Λ2ETC
+ βab
F¯ TaF F¯ TbF
Λ2ETC
+ γab
ψ¯Taψ ψ¯Tbψ
Λ2ETC
+ . . . (3.1.5)
The coefficients parametrize the ignorance on the specific ETC physics. To be more
specific, the α-terms, after the FC condensation, lead to mass terms for the SM fermions
mq ≈ α
Λ2ETC
〈F¯ F 〉ETC , (3.1.6)
where mq is the mass of e.g. a SM quark and 〈F¯ F 〉ETC is the FC condensate evaluated at
the ETC scale. Note that we have not explicitly considered the different scales for the
different generations of ordinary fermions but this should be taken into account for any
realistic model. Typically, one can associate the coefficient to a gauge boson mediator,
leading to α/Λ2ETC → g2ETC/M2ETC.
The β-terms of Eq. (3.1.5) provide masses for pNGBs and for techni-axions [189], see
Fig. 3.2. The last class of terms, namely the γ-terms of Eq. (3.1.5), are expected to induce
flavor-chaging neutral currents (FCNCs). For example, it may generate the following
terms:
γ
Λ2ETC
(s¯γ5d)(s¯γ5d) +
γ′
Λ2ETC
(µ¯γ5e)(e¯γ5e) + . . . , (3.1.7)
where s, d, µ, e denote the strange and down quarks, the muon and the electron, respec-
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tively. The first term is a ∆S = 2 flavor-changing neutral current interaction affecting
the KL − KS mass difference which is measured accurately. The experimental bounds
on these type of operators, together with the naive assumption that ETC will generate
γ-terms with coefficients of order one, leads to a constraint on the ETC scale to be of
the order of, or larger than, 103 TeV [5]. This should be the lightest ETC scale which in
turn puts an upper limit on how large the ordinary fermionic masses can be. The naive
estimate is that one can account up to around 100 MeV mass for a QCD-like technicolor
theory, implying that many quark mass values cannot be achieved.
The second term of Eq. (3.1.7) induces flavor changing processes in the leptonic
sector such as µ → ee¯e, eγ which are not observed, thus leading to even stronger
bounds on the ETC scale. It is clear that, both for the precision measurements and the
 
ETCΠ Π
Figure 3.2: Leading contribution to the mass of the TC pNGBs via an exchange of an
ETC gauge boson.
fermion masses, a better theory of flavor is needed. For the ETC dynamics interesting
developments recently appeared in the literature [190, 191, 192, 114]. We note that
nonperturbative chiral gauge theories dynamics is expected to play a relevant role
in models of ETC since it allows, at least in principle, the self breaking of the gauge
symmetry. Recent progress on the phase diagrams of these theories has appeared in
[193].
Note that the analysis presented so far is based on the assumption that the dynamics
in the confined phase is similar to that of QCD. However, important modifications may
occur, thus changing the main conclusions about flavor physics. In the following
sections, we will present alternative types of dynamics used in the context of SM
fermion mass generation.
3.1.1 Walking
To better understand in which direction one should go to modify the QCD dynamics,
we analyze the FC condensate. The value of the condensate used when giving mass to
the ordinary fermions should be evaluated not at the FC scale but at the ETC one. Via
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the renormalization group evolution one can relate the condensate at the two scales
via:
〈F¯ F 〉ETC = exp
(∫ ΛETC
ΛFC
d(lnµ)γ(α(µ))
)
〈F¯ F 〉TC , (3.1.8)
where γ is the anomalous dimension of the FC-fermion mass operator. The limits of
integration correspond at high energy with the ETC scale and at low energy with the
FC one. For technicolor theories with a running of the coupling constant similar to the
one in QCD, i.e.
α(µ) ∝ 1
lnµ
, for µ > ΛTC , (3.1.9)
this implies that the anomalous dimension of the techniquark masses γ ∝ α(µ). When
computing the integral one gets
〈F¯ F 〉ETC ∼ ln
(
ΛETC
ΛFC
)γ
〈F¯ F 〉FC , (3.1.10)
which is a logarithmic enhancement of the operator. We can hence neglect this correc-
tion and use directly the value of the condensate at the FC scale when estimating the
generated fermionic mass. Thus, Eq. (3.1.6) evaluates to
mq ≈
g2ETC
M2ETC
Λ3FC , 〈F¯ F 〉FC ∼ Λ3FC . (3.1.11)
The tension between having to reduce the FCNCs and at the same time provide a
sufficiently large mass for the heavy fermions in the SM (as well as for the pNGBs) can
be reduced if the dynamics of the underlying FC theory is different from the one of
QCD. By computing the value of the FC condensate, it has been shown that a theory
where the gauge coupling varies slowly instead of running between ΛETC and ΛFC can
feature a larger condensate at the ETC scale with respect to the one at the FC scale. Thus,
the estimate of the SM fermion masses given before can be significantly enhanced. This
can be achieved if the theory has a near-conformal Infra-Red (IR) fixed point. This kind
of dynamics has been denoted as of walking type. In Fig. 3.3, the comparison between
a running and walking behavior of the coupling is qualitatively represented.
In the walking regime, Eq. (3.1.10) is replaced by
〈F¯ F 〉ETC ∼
(
ΛETC
ΛFC
)γ(α∗)
〈F¯ F 〉FC , (3.1.12)
which shows a power-law dependence on the scales instead of the lodarithmic one of
QCD dynamics [25, 194, 195, 196]. Here, γ is evaluated at the would-be fixed point
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Figure 3.3: Top left panel: QCD-like behavior of the coupling constant as function of
the momentum (Running). Top right panel: walking-like behavior of the coupling
constant as function of the momentum (Walking). Bottom right panel: cartoon of the
beta function associated to a generic walking theory.
value of the coupling constant α∗. Walking can help resolving the problem of FCNCs in
composite models since, with a large enhancement of the 〈F¯ F 〉 condensate at the ETC
scale, the four-Fermi operators of types α and β are enhanced by a factor ΛETC/ΛFC to
the power γ, while the ones involving only SM fermions are not enhanced.
Although walking is not a must for a successful composite model, it is a fact that a near
conformal theory would still be useful to reduce the contributions to the precision data
and, possibly, provide a light dilaton-like composite Higgs [28]. The reason being that,
for a continuous quantum phase transition, a dilaton-like mode is expected to appear in
the walking regime to enforce approximate conformal invariance [23, 24, 25, 26, 27, 28,
29]. This subject has recently received renewed interest [27, 28, 30, 29, 31, 32, 33, 34, 35]
due to recent lattice studies [36, 37, 38, 39, 40, 41, 42] that reported evidence of the
presence of a light singlet scalar particle in the spectrum.
3.1.2 Ideal walking
There are several issues associated with the original idea of walking:
• Since the number of flavors cannot be changed continuously, it is not possible to
get arbitrarily close to the lower end of the conformal window. This applies to
the technicolor theory in isolation, i.e. before coupling it to the SM and without
taking into account the ETC interactions.
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• It is hard to achieve large anomalous dimensions of the fermion mass operator
even near the lower end of the conformal window for ordinary gauge theories.
• It is not always possible to neglect the interplay of the four fermion interactions
on the dynamics.
• There exist the logical possibility that, as function of the number of flavors, the
theory jumps [18] out of the conformal window rather than walking out of it.
In [6] it has been argued that it is possible to address simultaneously the problems
above, if the conformal to non-conformal transition is smooth, by taking into account
the effects of the four-fermion interactions on the phase diagram of strongly interacting
theories for any matter representation as function of the number of colors and flavors.
A positive effect is that the anomalous dimension of the mass is expected, near the
transition, to be of order unity at the lower boundary of the new conformal window.
This analysis derives from the study of the gauged Nambu-Jona-Lasinio phase diagram
[197].
This scenario, named “Ideal Walking”, predicates that the theory, before taking
into account the four-fermion interactions, must feature an infrared fixed point. By
increasing the four-fermion coupling one expects to arrive at a critical value above
which conformality is lost. This is expected to happen when the four-fermion coupling,
from being an IR irrelevant operator becomes an IR marginal to relevant one. This is
naturally expected to occur when the Fc-fermion mass anomalous dimension is around
unity.
The Ideal Walking [6] paradigm has been proven to exist via first-principle lattice
simulations for the first time in [8, 7]. The gauge theory investigated on the lattice is
an SU(2) gauge theory with two adjoint Dirac fermions augmented with four-fermion
interactions. The theory without four-fermion interactions is known to achieve a non-
perturbative IR fixed point with a mass anomalous dimension around γ ∼ 0.5. Once
the four-fermion interactions are added the anomalous dimension grows with the four-
fermion coupling till a value slightly larger than unity. If the four-fermion coupling
is further increased chiral symmetry breaks and conformality is lost. Remarkably the
phase transition from the chirally broken to the conformally restored side is approached
smoothly in the four-fermion coupling with a measurable critical exponent for the
fermion condensate proportional (yc − y)δ with δ ∼ 0.69 and y2/ΛETC the four-fermion
coupling [8, 7].
3.1.3 Walking Spectrum
Any strongly coupled dynamics, including the walking type, generates a spectrum
of resonances whose natural splitting in mass is of the order of the intrinsic scale of
the theory. In particular, spin-1 resonances are important as ther re known to play a
primary role in generating corrections to the EWPTs. In order to extract predictions
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for the composite vector spectrum and couplings in presence of a strongly interacting
sector and an asymptotically free gauge theory, we make use of the time-honored
Weinberg sum rules [198], amended by the results found in [134] that allow us to treat
walking and running theories in a unified way.
Weinberg sum rules
The Weinberg sum rules are linked to the two point vector-vector minus axial-axial
vacuum polarization which is known to be sensitive to chiral symmetry breaking. We
define
iΠa,bµν(q) ≡
∫
d4x e−iqx
[
< Jaµ,V(x)J
b
ν,V(0) > − < Jaµ,A(x)Jbν,A(0) >
]
, (3.1.13)
within the underlying strongly coupled gauge theory, where
Πa,bµν(q) =
(
qµqν − gµνq2
)
δabΠ(q2) . (3.1.14)
Here a, b = 1, ...,n2f − 1, label the flavor currents and the SU(N f ) generators are nor-
malized according to Tr
[
TaTb
]
= (1/2)δab. The function Π(q2) obeys the unsubtracted
dispersion relation
1
pi
∫ ∞
0
ds
ImΠ(s)
s + Q2
= Π(Q2) , (3.1.15)
where Q2 = −q2 > 0, and the constraint −Q2Π(Q2) > 0 holds for 0 < Q2 < ∞ [199]. The
discussion above applies to the standard chiral symmetry breaking pattern SU(N f ) ×
SU(N f )→ SU(N f ), but it is generalizable to any breaking pattern, including the template
model of Chapter 2.
Since we are taking the underlying theory to be asymptotically free, the behavior
of Π(Q2) at asymptotically high momenta is the same as in ordinary QCD, i.e. it scales
like Q−6 [200]. Expanding the left-hand side of the dispersion relation thus leads to the
two conventional spectral function sum rules
1
pi
∫ ∞
0
ds ImΠ(s) = 0 and
1
pi
∫ ∞
0
ds s ImΠ(s) = 0 . (3.1.16)
Walking dynamics affects only the second sum rule [134] which is more sensitive to
large but not asymptotically large momenta due to fact that the associated integrand
contains an extra power of s.
We now saturate the absorptive part of the vacuum polarization. We follow refer-
ence [134] and hence divide the energy range of integration in three parts. In the light
resonance part, the integral is saturated by the pNGBs along with massive vector and
axial-vector states. If we assume, for example, that there is only a single, zero-width,
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vector multiplet and a single, zero-width, axial vector multiplet, then
ImΠ(s) = piF2Vδ
(
s −M2V
)
− piF2Aδ
(
s −M2A
)
− piF2piδ (s) . (3.1.17)
The zero-width approximation is valid to leading order in the large-N expansion for
fermions in the fundamental representation of the gauge group (even narrower states
are found for fermions in higher dimensional representations). Since we are working
near a conformal fixed point, the large N argument for the width is not directly ap-
plicable. We will nevertheless use this simple model for the spectrum to illustrate the
effects of a near critical IR fixed point.
The first Weinberg sum rule implies:
F2V − F2A = F2pi , (3.1.18)
where F2V and F
2
A are the vector and axial meson decay constants. This sum rule holds
for walking and running dynamics. A more general representation of the resonance
spectrum would, in principle, replace the left hand side of this relation with a sum over
vector and axial states. However the heavier resonances should not be included since in
the approach of [134] the walking dynamics in the intermediate energy range is already
approximated by the exchange of underlying fermions. The walking is encapsulated
in the dynamical mass dependence on the momentum dictated by the gauge theory.
The introduction of heavier resonances is, in practice, double counting. Note that the
approach is in excellent agreement with the Weinberg approximation for QCD, since
in this case, the approximation automatically returns the known results.
The second sum rule receives important contributions from throughout the near
conformal region and can be expressed in the form of:
F2VM
2
V − F2AM2A = a
8pi2
d(R)
F4pi, (3.1.19)
where a is a coefficient expected to be positive and O(1), and d(R) is the dimension
of the representation of the underlying fermions. We have generalized the result of
reference [134] to the case in which the fermions belong to a generic representation of
the gauge group. In the case of running dynamics the right-hand side of the previous
equation vanishes.
We stress that a is a non-universal quantity depending on the details of the under-
lying gauge theory. A reasonable measure of how large a can be is given by a function
of the amount of walking which is the ratio of the scale above which the underlying
coupling constant starts running divided by the scale below which chiral symmetry
breaks. The fact that a is positive and of order one in walking dynamics is also sup-
ported, indirectly, via the results of Kurachi and Shrock [148]. At the onset of conformal
dynamics, the axial and the vector resonances are degenerate, i.e. MA = MV = M, thus
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using the first sum rule one finds, via the second sum rule,
a =
d(R)M2
8pi2F2pi
, (3.1.20)
leading to a numerical value of about 4 ÷ 5 from the approximate results in [148].
We will however use only the constraints coming from the generalized Weinberg sum
rules expecting them to be less model dependent. The S parameter is related to the
absorptive part of the vector-vector minus axial-axial vacuum polarization as follows:
S = 4
∫ ∞
0
ds
s
ImΠ¯(s) = 4pi
[
F2V
M2V
− F
2
A
M2A
]
, (3.1.21)
where ImΠ¯ is obtained from ImΠ by subtracting the Goldstone boson contribution.
Other attempts to estimate the S parameter for walking technicolor theories have
been made in the past [201] showing a reduction of the S parameter. S has also been
evaluated using computations inspired by the original AdS/CFT correspondence [202]
in [203, 204, 205, 206, 207, 208]. Recent attempts to use AdS/CFT inspired methods can
be found in [209, 210, 211, 212, 213].
Kurachi, Shrock and Yamawaki [214] have further confirmed the results presented
in [134] with their computations tailored at describing four dimensional gauge theories
near the conformal window. The present approach [134] is more physical since it is
based on the nature of the spectrum of states associated directly to the underlying
gauge theory.
Note that we will be assuming a rather conservative approach in which the S
parameter, although reduced with respect to the case of a running theory, is bounded
by the naive S parameter [135, 215, 136]. After all, other sectors of the theory such as
new leptons can further reduce or completely offset a positive value of S due solely to
the technicolor theory.
3.2 Partial compositeness paradigm with fermions
An alternative mechanism behind the generation of fermion masses has been pro-
posed in [216] and goes under the name “partial compositeness”: instead of coupling a
bilinear of SM fermions to the strong sector, as discussed in section 3.1, each SM fermion
features a linear coupling to a spin-1/2 operator in the strong sector. The main moti-
vation behind this approach was to avoid the generation of dangerous FCNCs, which
appear in the traditional approaches. We will first discuss how this mechanism can be
implemented in models with a gauge-fermion microscopic description. A more general
discussion of the partial compositeness scenario are reported in the next sections.
The first requirement imposed by fermion partial compositeness on the strong
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sector is to be able to construct spin-1/2 bound states. This is already impossible in the
template theory introduced in Chapter 2. In general, there are two possibilities:
1) Dim-5 chromomagnetic-type coupling:
α2med
4pi
κ
Λ
ψσµνλaF Faµν , (3.2.22)
where Fa are the FC-gluon fields. The spin-1/2 bound state is thus formed by the
fermions with FC-gluons. Typically, these kind of couplings are loop-induced,
thus explaining the one loop factor appearing in front of the operator.
2) Dim-6 four-fermion interactions:
κ
Λ2
ψF FF . (3.2.23)
In this case, the bound state is made of three FC-charged fermions.
Higher dimensional couplings could also be possible, however they carry a stronger
suppression for the couplings in the confined phase by higher powers of Λ. The two we
listed, while of different dimension, feature similar suppression due to the loop nature
of the former. The case 1) has also a key drawback: the fermion F involved needs to
be in the adjoint irrep of the FC. Due to the required multiplicity (at least a QCD-color
triplet to couple to quarks), this scenario would prevent the theory from confining by
loss of asymptotic freedom.
The latter case is, therefore, the most promising one. Remarkably, bound states of
three fermions are only possible for three models: SU(3)FC with F in the fundamental
(a` la QCD), SU(6)FC with two-index anti-symmetric, and G2 with fundamentals. An
explicit model based on the SU(3)FC case has been proposed in [217], containing overall
7 flavors of light F ’s. This theory is likely to be outside of the conformal window,
and to confine at low energies. A walking phase could be introduced by adding
additional heavy flavors to the theory [218], however the anomalous dimensions of
the FC-baryon operators may be too small to provide a realistic model for top partial
compositeness [219].
Another intriguing possibility is that the FC-baryon may be made of different species
of fermions [62, 63], i.e. fermions transforming under different irreps of the FC group.
The main advantage of this approach is that QCD charges can be sequestered to the
second specie of fermions, whilst it is only the first one that generates the composite
Higgs and participate to the EWSB. By requiring that the theory remains asymptotically
free (i.e., it confines at low energies), only a limited number of possibilities remain, as
listed in [63]. Furthermore, asking that the theory is outside of the conformal window,
i.e. it condenses and generates a mass gap, limits the choices of models to only 12 [220].
As a by-product, this class of models is only able to generate partial compositeness
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Sp(4)FC SU(3)c SU(2)L U(1)Y SU(4)F SU(6)χ U(1)
F 1 1 2 0
1 1F
2
F 3 1 1 −1/2F 4 1/2
χa 3 1 2/3 1 −1/3
χa¯ 3 −2/3
Table 3.1: Quantum numbers under the FC group, the SM gauge groups and the global
symmetries of the fundamental constituent fermions of Model M8 [62]. The indices a
and a¯ indicate the QCD color charge. All the spinors in the table are left-handed.
for the top quark (and eventually the bottom). Following the nomenclature in [221],
we will name the models M1–M12. For concreteness, we will now focus on a specific
model, i.e. M8, which was originally proposed in [62]. As we will see, this model can
be seen as an extension of the template model of Sec. 2.2, having the same symmetry
breaking pattern in the EW sector.
Compared to the minimal template, the FC gauge group is extended to Sp(4)FC 1,
where the fermions F are in the fundamental and have the same EW charges as in
Table 2.1. The additional fermions, that we call χ, transform in the two-index irrep of
Sp(4)FC, = 5, and carry QCD charges as shown in Table 3.1: they thus form a Dirac
fermion charged as a quark under QCD and carrying hypercharge 2/3 (like the right-
handed top). As F and χ are in pseudo-real and real irreps respectively of Sp(4)FC, the
maximal global symmetry of the model is
Gglobal = SU(4)F × SU(6)χ ×U(1) , (3.2.24)
where the U(1) is a combination of a phase redefinition of the two species of fermions
that has no anomaly with the FC gauge interactions. Note that there is also an anoma-
lous U(1), analogous to the axial charge in QCD. Upon condensation of the two fermion
species, 〈F F 〉 , 0 and 〈χχ〉 , 0, the global symmetries are broken as follows:
SU(4)→ Sp(4) ⇒ N(piF ) = 5 ,
SU(6)→ SO(6) ⇒ N(piχ) = 20 , (3.2.25)
U(1)→ ∅ ⇒ N(pi1) = 1 ;
where the U(1) is broken by both condensates (a second singlet pseudo-scalar is present
but acquires a potentially large mass due to the FC anomaly, in analogy to the η′ in
1We recall that the minimal symplectic group is Sp(2) ≡ SU(2).
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SU(3)c SU(2)L U(1)Y Sp(4)F SO(6)χ
piχ
pi8 8 1 0
1pi6 6 1 4/3
pi∗6 6¯ 1 −4/3
pi1 a 1 1 0 1 1
Table 3.2: Quantum numbers of the additional pNGBs in the model M8.
QCD). A priori, we cannot know if both condensates are generated: if one of them were
to vanish, the corresponding global symmetry would remain preserved and no pNGBs
would be present in the spectrum. Furthermore, the global symmetry would have
global anomalies that need to matched in the confined phase by massless composite
states [222]. In this model, in fact, it is possible to keep the SU(6)χ unbroken and match
the global anomalies by the presence of a massless baryon that may play the role of
the operator coupling to the top quark, as shown in [223] (see also [224]). Preliminary
lattice studies of the dynamics of this model seem to suggest that both condensates are
non-zero [225] (for more details on the Lattice results, see Sec. 4.3.1, while a study based
on a Nambu-Jona-Lasinio description is in [226]). In the following, we will therefore
assume that both condensates are formed.
In addition to the 5 pNGBs in the EW sector, which have the same properties as in
the template model in Sec. 2.2, the low energy spectrum contains 20 pNGBs from the
χ condensation and one associated to the global U(1). Before discussing top partial
compositeness, we will address the phenomenology of these states, which are expected
to be light.
3.2.1 Phenomenology of the additional pNGBs
The 20+1 additional pNGBs generated by the 〈χχ〉 condensate have the SM quantum
numbers shown in Table 3.2. The QCD charged ones, emerging from the χ condensate,
in particular, couple dominantly to the top quark via partial compositeness [227], where
the sextet only decay is pi6 → tRtR. The main bound on this state (and the octet) derive
from QCD-driven pair production followed by decays into tops, which leads to a 4-top
final state and bounds of the order of TeV for the masses [227, 228]. Note that the
masses for the colored pNGBs come dominantly from QCD corrections, and are of the
order of the decay constant in the χ sector.
While the sextet is a rather exotic state, unique to this template model M8, one
remarkable point is that the octet pi8 and the singlet a are ubiquitous to all models [221].
Their decays, however, are different for different models and are sensitive to the details
of the underlying dynamics, namely the FC group and the fermion irreps. This is par-
63
ticularly true for the couplings to gauge bosons, which are generated by the topological
anomalies, and whose coefficients can be predicted in terms of the properties of the
underlying model.
For instance, the color octet has couplings to two gluons and to one gluon and one
neutral EW gauge boson, in the form:
LWZW ⊃ αs8pi fχCgg pi
a
8 
µνρλGbµνG
c
ρλd
abd +
√
αsα
8pi cos2 θW fχ
CgB pia8
µνρλGbµνBρλδ
ab , (3.2.26)
where dabc = 14Tr[λ
a{λb, λc}] and B is the hypercharge gauge boson. The ratio of the two
coefficients only depends on the hypercharge of χ:
CgB
Cgg
= 4Yχ . (3.2.27)
This implies that for M8, Yχ = 2/3, the branching ratios appear in the ratio:
BR(pi8 → gg) : BR(pi8 → gγ) : BR(pi8 → gZ) = 1 : 0.19 : 0.06 . (3.2.28)
For other models with Yχ = 1/3, the branchings in gγ and gZ are reduced by a factor
1/4. In the case where the coupling to tops is suppressed, the decay mode into jets or
jet-photon become the best channel to search for the ubiquitous octet [229].
Another ubiquitous state is the singlet a associated to the non-anomalous U(1). This
state can be very light as it acquires mass only via a current mass for the fermions
χ and F [221]. In addition, a heavier pseudo-scalar η′, associated to the anomalous
U(1) charge, could also be light enough to be produced at the LHC. The couplings and
mass mixing of the two states have been studied in detail in [221], to which we refer
the interested reader for further details. What is remarkable about these two states is
that the couplings to gauge bosons (generated via WZW terms) and to the top quarks
(generated by partial compositeness) can be calculated in terms of the properties of the
underlying dynamics. Thus, even models that have the same symmetries, like M8 and
M9, and the same low energy effective description [231], will have remarkably different
characteristics. As an example, in Fig. 3.4 we show the current bounds on the Higgs
decay constant coming from the non-observation of any of the two pseudo-scalars [230].
The plot shows comparatively M8 and the twin model M9, which share the same low
energy effective theory. It is interesting to notice that the bound on the compositeness
scale for M9, coming from the pseudo-scalar production, are already stronger than the
indirect bounds coming from precision tests in the EW sector, see Sec. 2.2.6. On the
other hand, M8 has much weaker reach due to a smaller coupling to gluons that reduces
the leading gluon-fusion production channel. Another interesting feature, shared by
all models, is the gap in sensitivity in the mass window 14 GeV < ma < 65 GeV: this
is due to the fact that most low invariant mass resonances would not pass the trigger
requirements at the LHC (this is particularly true for the low mass di-photon search).
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Figure 3.4: Heat-plots showing the lower bounds on the Higgs decay constant fψ
in the mass plane of the two pseudo-scalars. The white triangle is not accessible by
the masses in each model. The side-bands show the limits from each individual final
state. On the left column, we show the current Run-I and Run-II bounds; on the right
column, we show the projections at the High-Luminosity LHC run (the solid grey band
summarizes the current bounds for comparison). More details in the text. Here we
show model M8 (top row) and model M9 (bottom row). Figure from [230].
This window may possibly be closed by searches in di-tau [232], di-photon [233] or
di-muon.
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3.2.2 Top partial compositeness
In the template model of Table 3.1, the 3-fermion bound states are made of two F ’s
and one χ. These chimera baryons have 3 different spin-structures:
OA = 〈χFF 〉 = [6, 6]5/3 ,
OA¯ = 〈χFF 〉 = [6¯, 6]−7/3 , (3.2.29)
OAdj,s = 〈χFF 〉 = [15 ⊕ 1, 6¯]−1/3 ,
where we indicate their quantum numbers under the global symmetries [SU(4)F , SU(6)χ]U(1).
In the confined phase, each of the three operators will match to a set of baryons, which
transform under the unbroken symmetries {Sp(4)F , SO(6)χ}:
OA → {5, 6} ⊕ {1, 6} ,
OA¯ → {5, 6} ⊕ {1, 6} ,
OAdj → {5, 6} ⊕ {10, 6} , (3.2.30)
Os → {1, 6} ,
Finally, therefore, the low energy theory will have 4 different baryons: BA = {5, 6},
BS = {10, 6} and B1 = {1, 6}, which can be matched to different operators written in
terms of underlying fermions. To further understand how the top fields can be coupled
to the above baryons, we need to decompose each one in terms of the SM quantum
numbers (SU(3)c, SU(2)L)U(1)Y as follows:
B0 = (3, 1)2/3 ⊕ h.c. ,
BA = (3, 2)1/6 ⊕ (3, 2)7/6 ⊕ (3, 1)2/3 ⊕ h.c. , (3.2.31)
BS = (3, 2)1/6 ⊕ (3, 2)7/6 ⊕ (3, 3)2/3 ⊕ (3, 1)2/3 ⊕ (3, 1)−1/3 ⊕ (3, 1)5/3 ⊕ h.c. .
The presence of the h.c. means that each baryon is a massive Dirac fermion, as expected.
We also notice that the component with the same quantum numbers of the quark
doublet, present in both BA and BS, is always accompanied by a custodial doublet
with which it forms a bi-doublet: this is one of the basic requirements to avoid large
corrections to the Z couplings of the bottom quark [234]. The right-handed top, on the
other hand, can couple to all three baryons. It should also be noted that BS contains
a right-handed bottom partner, such that this model can in principle also generate the
bottom quark mass.
At this stage, the underlying dynamics provides the key ingredients to build a low
energy effective theory of partial compositeness. A pedagogical introduction to the
general procedure can be found in [235], where the reader can find how to introduce
the baryon fields in the chiral Lagrangian of Eq. (2.1.8). Here we will mainly focus on
what can be learned from the underlying dynamics. To start, looking at Eq. (3.2.29) we
see that the operators couplings to the top fields always transform as two-index irreps
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of SU(4)F [236]. To build a concrete model, one should therefore choose one of the
operators in Eq. (3.2.29), and embed the SM fermion fields in a spurion transforming in
a matching irrep. This choice may seem arbitrary, but is in fact linked to the operator
that has the largest anomalous dimension in the walking regime (see next section for
further discussion) and to the mechanism that generates the four-fermion coupling. At
an effective level, though, one has a free choice to make. The choice will then determine
the low energy properties of the partial composite top, and of the composite Higgs.
For concreteness, we will focus here on the simplest choice of BA: the two needed
couplings will therefore read
LPC ⊃ yL f Tr[U†QLU∗BA] + yR f Tr[U†TRU∗BA] , (3.2.32)
where U = ei
∑5
j=1 X
jpi j/ f is the non-linearly transforming pNGB matrix, and QL and TR
are the SM fields embedded in the conjugate anti-symmetric irrep of SU(4)F . The
two couplings yL/R parametrize the mixing between the elementary top fields and the
composite partners. There are two ways to analyze the impact of the top partners to
the low energy theory:
• A- Baryon-dominance: in this approach, one assumes that the dominant effects are
due to the propagation of the lightest baryons. Thus, the top mass is generated
by diagonalising the mixing matrix with the baryons in the multiplet, while
contributions to the Higgs potential can be computed at one loop level, with
divergences properly removed [235].
• B- Spurion-analysis: in this approach, one assumes that the baryons are heavier
than the pNGBs, thus their effect is encoded in low energy operators built in terms
of the spurions containing the top couplings to the baryon operators [236, 103].
The two approaches, however, are not equivalent even though they give similar results.
One example was given in [237] when computing the couplings of the singlet pNGB a
to the top quark. In approach B, the coupling is proportional to the top mass times the
U(1) charges of the two baryons, namely
gat¯t = −i
mtop
fa
2 × 5
3
∼ O(y2) . (3.2.33)
Expanding for small mixing, this coupling is therefore quadratic in the linear couplings
(as the top mass is, mtop ∼ yLyR). On the other hand, following approach A, by
diagonalising the mass matrix as well as the couplings, one obtains
gat¯t = −i
mtop
fa
5
3
(sin2 θL + sin2 θR) ∼ O(y4) , (3.2.34)
where sinθL/R ∝ yL/R fMB are the mixing angles of the left- and right-handed top respectively
with the composite partners. This example clearly shows that the two approaches are
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not equivalent, as they lead to parametrically different results for the couplings of a
pNGB. In fact, the two approaches are complementary: A may be trusted if the lightest
baryon mass is light compared to the condensation scale, so that it can be safely included
in the low energy effective Lagrangian, while approach B is likely to give the correct
leading effect if the baryons are all heavier that the pNGB masses. In the literature,
approach A has been most widely used, and we refer the interested reader to [238] for
more details.
Defining an underlying dynamics can also help studying the origin of the partial
compositeness couplings. For instance, the two couplings in Eq. (3.2.32) could arise
from the following four-fermion interactions:
cL
Λ2F
qa,iL χ
a¯F iF 4 + cR
Λ2F
taRχaF
3F 4 + h.c. (3.2.35)
These couplings are generated by some unspecified new physics at a scale ΛF. In order
to generate large enough couplings at low energy, one has two options: either ΛF ∼ ΛFC,
or the theory enters a walking regime above the condensation scale. In either case, the
underlying models discussed so far need to be UV complete right above ΛFC, thus they
can only be considered as underlying descriptions rather than UV completions of the
low energy effective theories.
3.2.3 Towards UV complete models
To UV complete the models of partial compositeness described in this section, it is
crucial to fulfil the following requirements:
1. Generate the four-fermion interactions responsible for top partial compositeness;
2. Extend the model so that it features a walking phase above the condensation scale
ΛFC;
3. Extend the model to generate masses for all fermions, either via partial compos-
iteness or via bi-linear couplings.
It is a daring endeavour to be able to successfully construct a UV completion, which is
compatible with all low energy constraints. The main challenge is due to sufficiently
splitting the scale where flavor violation is generated and the low energy condensation
scale. Nevertheless, a few attempts are present in the literature, and we review their
main approaches here.
• A scenario based on partial unification of the FC gauge interactions has been
proposed in [239], where an example for the model in Table 3.1 has been proposed.
The main idea is to partly unify the FC gauge group with the SM ones, so that
gauge mediation could explain the couplings of the top quark. In the example, the
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unified gauge group is SU(8)PS×SU(2)L×SU(2)R, a` la Pati-Salam. The SM fermions,
and the F ’s are thus embedded in a bi-fundamental of SU(8) and of one of the
two SU(2)’s. The gauge groups are broken at high scale by scalar VEVs, so that
the SU(8) contains Sp(4)FC and a Pati-Salam quark-lepton SU(4) group. Partial
compositeness for the top is achieved by introducing a fermion in the 4-index
anti-symmetris irrep of SU(8), which contains χ. Additional fermions charged
under the FC group allow for the theory to be inside the conformal window
between the high scale (where the four-fermion interactions are generated) and
ΛFC. If sufficiently large anomalous dimensions are generated in the walking
phase, the breaking scale can be pushed close to the Planck scale, so that the
model is technically natural.
• Another attempt is based on the recent idea that gauge theories with large number
of fermions may feature a UV interactive fixed point [240], thus allowing to be
extrapolated to arbitrary high scales. In [170] this idea has been applied to the
models of [63]: the key observation is othat, in order to give mass to all SM
fermions and generations, a large number of χ fermions is needed. This allows
to drive all gauge couplings to a UV fixed point. The four-fermion interactions
can then be generated by high-mass scalars, as long as a walking phase is also
present.
• A proposal based on dualities has been put forward in [51]. The main UV
construction is based on a supersymmetric SO(N) gauge theory with matter fields
in the fundamental. The low energy effective theory is thus described by a Seiberg
dual, where partial compositeness couplings are generated as the low energy flow
of high-scale Yukawa couplings. A complete theory is however not provided,
with the main challenge given by generating masses to all SM fermions.
• In [241] it has been shown that the top and F fields could be replaced by
massless baryons from a confining chiral gauge theory, which confines at a scale
ΛF > 107 TeV. This model would allow to generate partial compositeness for the
top only. The example shown features SU(3)FC, as in [217]. However, the global
symmetries of the chiral gauge theory are such that the top mass is not easily
generated, as additional symmetry breaking terms are needed.
• The idea of holography has also been used to provide extra dimensional com-
pletions for composite Higgs models [242]. Holography has been historically
at the core of the composite Higgs revival in the early 2000’s, where a model
based on warped extra dimensions was proposed [50], building on the old idea of
Gauge-Higgs Unification [243, 244, 245]. However, it is a matter of taste if an extra
dimensional theory can be considered as a genuine UV completion. The main
point here is that extra dimensional theories are intrinsically non-renormalisable,
as the gauge coupling itself is dimension-full. This implies that divergences at
loop level arise which need to be regulated by new operators. While warped
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spaces have a position dependent cut-off which can extend up to the Planck
scale [246], operators suppressed by the TeV scale are also present and needed.
This means that non-calculable effects at the TeV scale do arise. Furthermore,
the basic idea of holography is based on a conjecture that has been tested for
maximal supergravity theories in 10-dimensional spaces [202], while the models
under discussion lack both supersymmetry and the additional dimensions. We
will further elaborate on this point in the next section.
3.3 Extra Dimensional and Non-Lagrangian approaches
So far we have discussed composite theories emerging from an underlying confining
gauge dynamics, in analogy to the well known example of QCD. Yet, the dynamics of
a theory generating a composite Goldstone Higgs needs to be quite different from the
familiar QCD one: in particular, a walking phase is needed above the condensation
scale ΛFC in order to address the issue of flavor. This key observation has prompted
the idea that the theory behind could be simply a conformal theory that describes the
conformal sector above the condensation scale. This idea is linked with the principle of
holography [242], according to which a conformal 4-dimensional theory may be dual
to a 5-dimensional gravity theory in warped space [246].
Taking this scenario at face value, one can try to construct composite Higgs theories
simply based on the global symmetries of the conformal sector, which thus determine
the properties of the pNGBs in similar fashion to chiral symmetry breaking in QCD-like
theories. In this effective field theory (EFT) based approach, the minimal model features
the symmetry breaking pattern SO(5)/SO(4) [50, 247], under which the 4 pNGBs are
enough to saturate the degrees of freedom of the Higgs doublet. Many other symmetry
breaking patterns can be used, irrespective of their origin [48, 49]. In the holographic
interpretation, the anomalous dimension of the operator corresponding to the Higgs is
dual to the bulk mass of the 5D field associated to it. There are however more general
arguments that relate to the possible values of the anomalous dimension of the Higgs,
i.e. of a generic composite scalar φ. In [248] , by using bootstrap techniques, it has been
shown that the dimension of the φ2 operator is bounded by a function of the dimension
of the scalar operator:
∆φ2 ≤ f (∆φ) , with f (∆φ)→ 2 + O(
√
∆φ − 1) for ∆φ → 1 . (3.3.36)
The limit is particularly relevant for composite Higgs models, as it would imply that
it may not be possible to write large enough mass terms for the SM fermions by using
bi-linear interactions. The argument goes as follows: the Yukawa operator in the
conformal theory would read
yψ
( µ
ΛF
)∆φ−1
φψ¯ψ , (3.3.37)
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where µ is the scale of the process (fixed to ΛFC for the low-energy Yukawa in the
condensed phase). Thus, in order to split sufficiently the flavor scale ΛF from the con-
densation scale, one would need ∆φ → 1. However, in this limit, the mass operator
would acquire a dimension ∆φ2 → 2, thus becoming a relevant operator sensitive to
the UV scales. In other words, the composite Higgs operator would need to have
the dimension of an elementary scalar, and thus suffer from the same hierarchy prob-
lem as in the SM. The situation is however more complicated in cases with global
symmetries [249], which are more relevant for composite Higgs models, as there are
multiple symmetry channels appearing in the bootstrap calculation. One, therefore,
needs to carefully identify which channel is most relevant for the Higgs, and some
counter-examples “violating” the bound have been found [250].
While the argument above is not conclusive in excluding the case of bilinear cou-
plings, it renders the idea of partial compositeness more attractive. If ∆φ > 1, the bilinear
couplings will only generate a tiny mass for all SM fermions, thus linear mixing may
be the most important contribution:
y˜Lµ
( µ
ΛF
)∆B−5/2
qLOBL + y˜Rµ
( µ
ΛF
)∆BR−5/2
tROBR . (3.3.38)
The couplings above match the partial compositeness couplings of Eq. (3.2.32) as
yL/R f ∝ y˜L/RΛFC
(
ΛFC
ΛF
)∆BL/R−5/2
, (3.3.39)
so that large mixing are allowed for ∆B ≈ 5/2. It may seem that such value of the
anomalous dimension is unrelated to that of the composite Higgs operator OH, while
a direct link exists in the case of bi-linear couplings. In fact, a link can be found
by constructing a two-point function correlator of two baryon operators, which has
the same quantum numbers as the Higgs doublet. In other words, operator product
expansion would lead:
OBL · OBR = OH + . . . (3.3.40)
This simple argument proves that the dimensions of the operators that mix to the
top fields, and that of the composite Higgs operator are indeed related, however it is
very challenging to extract any information about such relation. Furthermore, addi-
tional two point functions corresponding, for instance, to QCD-colored scalars can be
constructed:
O∗BR · OBR = Opi8 + . . . , OBR · OBR = Opi6 + . . . , etc. (3.3.41)
Thus the conformal theory, if consistent at all, needs to also include many more oper-
ators than the ones usually included in the effective theory, some of which could be
light. The models in Table 3.1 introduced in the previous section, for instance, is an
explicit example where an additional color octet and sextet are present.
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3.4 Fundamental Partial Compositeness
Because of the several challenges one faces when providing a complete theory of
fermion mass generation in models of composite Higgs, it is reasonable and timely to
explore composite frameworks in which, while still insisting on the composite nature
of the Higgs sector, one puts aside (postpones) the naturalness argument. This frees
us to consider wider classes of composite theories featuring, for example, also scalars
charged under the FC gauge interactions. It also allows for interesting model building
routes featuring unexplored dynamics that can be investigated via first principle lattice
simulations [251, 252, 253, 93]. For the scalar-phobic reader, we shall argue that these
models can be viewed as an intermediate effective realization of a more fundamental
gauge-fermion dynamics [254]. The models that we will consider here differ from TC
theories featuring a SM-like Higgs doublet that have been considered long time ago in
[255, 256], and more recently within the context of Goldstone Higgs in [257, 258, 259].
The class of models that we shall consider here [115, 254, 260, 261] implement
the partial compositeness framework at a microscopic level. This new paradigm was
termed Fundamental Partial Compositeness (FPC). According to the paradigm, we intro-
duce fundamental FPC-scalars, with QCD color embedded in the corresponding flavor
symmetry with respect to the FPC gauge theory. The FPC-scalars must be chosen in
such a way to allow for Yukawa couplings involving a SM fermion, a FPC fermion,
and a FPC scalar: this is sufficient to guarantee the generation of fermion masses
and Yukawa couplings at low energy. The composite baryons are built out of one
FPC-fermion and one FPC-scalar, and a UV Lagrangian can be written, without the
need of extra colored FPC-fermions. By construction, no large anomalous dimensions
are needed and the hierarchy among the SM fermions can be achieved. Additionally,
the new fundamental Yukawa structure allows for unexplored flavor dynamics [260].
Composite theories including (super) colored FPC-scalars, attempting to give masses
to some of the SM fermions, appeared earlier in the literature [262, 263, 264] but did
not feature a Goldstone Higgs.
The simplicity of FPC relies in the fact that it enables us to construct microscopic
theories that, at low-energies, reproduce the experimentally successful predictions of
the SM while remaining a valid composite alternative to the SM Higgs sector. In
contrast to a purely fermionic realization of partial compositeness, no additional QCD
colored sectors are required, making the model complete on its own. The Lagrangian
structure can be summarized as:
LFPC = −14FµνF
µν + iF †σ¯µDµF −
(1
2
FmFF + h.c.
)
+ (DµS)†DµS − S†m2SS − V(S)
= LFC + (DµS)†DµS − S†m2SS − V(S) , (3.4.42)
where Fµν refers to the FPC gauge fields, F is the left-handed Weyl FPC-fermion multi-
plet, S collectively indicates the (complex) FPC-scalars, and V(S) is the scalar potential.
To keep the notation light we omitted the FPC-indices that are properly contracted to
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form FPC-singlet operators. Also note that up to the scalars the Lagrangian is identical
to the one we used for FC, except that when gauged scalars are added the dynamics
changes. This is the reason why in this subsection we use FPC and not FC to indicate the
new dynamics and its derived quantities. However, as we shall see, some of the gen-
eral features stemming from the global symmetries of the FPC-fermionic sector are still
shared with the original FC theory. Up to SM interactions and super-renormalizable
operators, the symmetry of the Lagrangian (3.4.42) takes the form of a direct product of
the fermionic and scalar global symmetries, GF × GS. A diagonal fermion mass matrix
breaks the global symmetry of the fermionic kinetic term while a diagonal scalar mass
matrix keeps the scalar global symmetry unspoiled. The EW gauging, color interac-
tions and the operators needed to generate the SM fermion masses break the FPC global
symmetry.
One can envision the underlying FPC fermion matter to transform according to
either the real, pseudo-real or complex representation of the FPC gauge group. For
both the pseudo-real and real FPC-color representations2 we can arrange the field S in
a multiplet Φ as follows
Φ =
(
S
S
)
, S =
FPCS∗ Sp(2Ns)S∗ SO(2Ns) (3.4.43)
where on the right we indicated the corresponding global symmetries over the scalars,
which are Sp(2NS) or SO(2NS) depending on whether the FPC-color gauge representa-
tions are pseudo-real or real. The quadratic scalar Lagrangian reads:
1
2
(DµΦ)T
( ±1
1
)
(DµΦ) − 12Φ
T
( ±m2ST
m2S
)
Φ , (3.4.44)
where the plus/minus sign corresponds to SO(2NS)/ Sp(2NS) and we introduce the off-
diagonal matrixω =
( ±1
1
)
. Note that we need the global symmetry over the scalars
to be at least SU(3) to account for QCD color, since the FPC-fermions are taken to be
color singlets. For complex FPC-color representation the maximum scalar symmetry
is U(NS). Below we will summarize the minimal FPC investigated in [254, 260], which
corresponds to the template model of Chapter 2, while the generalization to real and
complex representations can be found in [261].
2Here we always choose FPC matter to be in a defining representation of the gauge group which
will therefore be either Sp(2N)FPC or SO(N)FPC with SU(2)FPC = Sp(2)FPC being the first of the symplectic
groups.
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States SU(NF ) Sp(2NS) number of states
F 1 2N ×NF
Φ 1 2N × 2NS
ΦΦ 1 1 + 1 + NS(2NS − 1)
FΦ 2NSNF
FF 1 NF (NF − 1)
Table 3.3: The fundamental matter fields of the theory appear in the first two lines of
the table, both transforming according to the fundamental representation of FPC. The
last three lines correspond to the bi-linear composite FPC singlet states. The number
of states counts the Weyl fermions or real scalars.
3.4.1 Minimal Fundamental Partial Compositeness
The most minimal realization of FPC in terms of the number of fields is, as explained
in [69, 115, 254], the case of Sp(2N)FPC with N = 1 and with fields in the fundamental
representation, which for this gauge group is a pseudo-real representation. As we shall
argue later it is also the most minimal realization of partial compositeness that one
can construct. This model is the natural extension of the one introduced in Chapter 2.
Therefore, as we have already argued there, with NF Weyl FPC-fermions, the maximal
quantum global symmetry of the fermions before introduction any further interactions
is SU(NF ). The symmetries are such that mF is an antisymmetric tensor in flavor space.
As the FPC-scalars transform according to the same representation of the FPC-
fermions with respect to the new gauge group, no Yukawa interactions among the
FPC-fermions and FPC-scalars can be written. As argued above this implies that, with
zero mass terms, the FPC-scalars have an independent Sp(2NS) symmetry. We assume
the potential V(S) to respect the maximum global symmetries of the FPC theory.
The scalar kinetic and mass term now reads:
1
2
(
DµΦ
)
FPC (DµΦ) − 12ΦFPCM
2
SΦ , (3.4.45)
with
M2S =
(
0 −m2ST
m2S 0
)
, (3.4.46)
and  is the invariant symplectic form of Sp(2NS). For GFPC = Sp(2N) we report in
Table 3.4.1 the elementary states of the FPC theory as well as the bilinear gauge singlets
along with their global transformation properties and multiplicities.
When adding the EW sector, following the analysis in Chapter 2, we embed it within
the SU(NF ) of the FPC-fermion sector. In this way the EWSB is tied to the breaking
of SU(NF ) and the Higgs boson can be identified with a pNGB of the theory [3, 69].
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Assuming for the scalars a positive mass squared, it is natural to expect spontaneous
symmetry breaking in the fermion sector according to the pattern SU(NF ) → Sp(NF ).
This pattern was established in the absence of scalars for NF = 4 and GFPC = Sp(2) via
first principle lattice simulations [64]. The ensuing FPC-fermion bilinear condensate is〈
F aFPCF a′
〉
= f 2FPCΛFPCΣ
aa′
0 , (3.4.47)
where Lorentz and FPC indices are opportunely contracted, and the Σ0 matrix is an
antisymmetric, two-index representation of SU(NF ). We also have ΛFPC = 4pi fFPC with
ΛFPC the composite scale of the theory and fFPC the associated pion decay constant.
In addition, we envision two possibilities for the FPC-scalars: the formation of a
condensate
〈
ΦiFPCΦ j
〉
may not happen or be proportional to the singlet of Sp(2NS), in
which case the flavor symmetry in the scalar sector is left unbroken; or a condensate
forms and breaks Sp(2NS) generating light bosonic degrees of freedom. For simplicity
we will focus on the former case.
It is time to investigate the SM fermion mass generation. The presence of FPC-
scalars in FPC models permits a new type of Yukawa interactions involving the FPC
and SM sectors. In fact each new Yukawa operator involves a FPC-fermion, a FPC-
scalar and a SM fermion and the new fundamental Yukawa Lagrangian to replace the
SM one reads
Lyuk = −ψiai jΦ jFPCF a + h.c. , (3.4.48)
in which we make use of the spurion ψ transforming under the relevant global sym-
metries as
ψia ≡ (Ψ y)i a ∈ S ⊗ F . (3.4.49)
Here Ψ is a generic SM fermion and y is the new Yukawa matrix. With this spurionic
construction we may formally considerLyuk an invariant of the global FPC symmetries.
Additionally, the notation has the benefit that all Yukawa interactions are summarized
in a single operator. Note that with the notation introduced here, the generation, color,
and electroweak indices are all embedded in the global symmetries. At low energy,
the Yukawa couplings in Eq. (3.4.48) generate linear mixing of the SM fermions with
spin-1/2 resonances made of one FPC-fermion and one FPC-scalar (see Table 3.4.1),
thus implementing partial compositeness. This way of endowing masses for the SM
fermions is free from long standing problems in models of composite Higgs dynamics
and, as we shall review later, can be also related to previous incomplete extensions.
Besides the SM fermions and Yukawas, the underlying theory contains two more
spurions that explicitly break the flavor symmetries, that is the masses of the FPC-
fermions and scalars:
mF ∈ F ⊗ 1S , M2S ∈ 1F ⊗ S . (3.4.50)
As they are dimension-full parameters, they can be inserted at the effective Lagrangian
level only if an order parameter can be defined, i.e. either if the mass is small compared
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to the FPC scale ΛFPC, or if they are much larger. In the latter case, one can then expand
in powers of the inverse of the mass matrices. We will start with the former case, and
classify the relevant operators in terms of powers of the spurion ψia, and then discuss
how to consistently move to the limit of large FPC-scalar masses. An EFT can now
be constructed along the same lines as Chapter 2, where, following our assumption
on the FPC-scalars, we can only include the pNGBs associated to the FPC-fermion
condensation.
We are now ready to determine the effective operators emerging at the EW scale in
terms of the SM fields upon consistently integrating out the heavy FPC dynamics aside
from the pNGB excitations. De facto we provide the first effective field theory that
matches to a concrete and complete example of a composite theory of flavor. In turn,
this allows for investigating its impact on electroweak observables and low energy
flavor physics [260].
The effective operators at the EW scale are obtained by matching the operators to
the underlying composite dynamics that can be summarized as follows
LEFT =
∑
A
CAOA +
∑
A
C′AO′A + h.c.
 (3.4.51)
for the effective field theory with coefficients C(′)A determined by the underlying FPC
dynamics. Here O(′)A refers to the self-hermitian/complex operators respectively.
We organize the EFT by counting the chiral dimensions of the operators [265]
by generalizing the Naive Dimensional Analysis (NDA) of [266]. In any realistic FPC
model the power-counting is complicated by the potential occurrence of strong Yukawa
couplings. This happens because in order to achieve the correct top mass it typically re-
quires the product yQ3 yt ∼ 4pi. Strong couplings in the chiral expansion, can potentially
enhance certain operators beyond the order ascribed to them by simple counting of the
chiral dimension. To alleviate this issue it was defined in [254] the effective Yukawa
couplings
yfund√
4pi
→ y, (3.4.52)
which are rescalings of the fundamental couplings. This allow us to treat the Yukawa
couplings as perturbative, albeit with a chiral dimension lowered to 1/2 down from 1.
One should therefore keep in mind that the Yukawa parameters entering in the EFT,
are different from the fundamental Yukawa couplings by a rescaling.
For the underlying model to be fundamental, it must be possible to run a per-
turbative Yukawa coupling from the scale of strong gravity down to the scale of
compositeness where it should become strong. The leading order beta function for
the fundamental Yukawa coupling, yt, belonging to the right-handed top quark (cf.
76
Section 3.4.2) in the presence of an Sp(2N) FPC group is3
∂yt
∂ lnµ
=
yt
(4pi)2
(4N + 10)y2t − (6N + 3)g2FPC
4
(3.4.53)
in the absence of other Yukawa couplings. Starting the RG flow in the perturbative
regime at high scales (e.g. the Planck scale) and evolving the couplings down to ΛFPC,
one will find that yt increases in the IR as long as gFPC ≥
√
(4N + 10)/(6N + 3) yt. With
gFPC becoming strong at the scale of compositeness, we can expect that it pulls the
Yukawa couplings with it. This effect, however, is outside the reach of perturbation
theory and cannot be probed quantitatively, as one can only achieve yt ∼ 1, before
gFPC becomes non-perturbative. A non-perturbative study is therefore required, to
quantitatively determine whether the requirement of a strong yt is compatible with
completeness of the underlying model. This tension in the top Yukawas might also be
resolved by favorable strong coefficients departing from unity by O(few).
A comprehensive classification of the operators at LO and NLO in this minimal
FPC model can be found in [254]. Below, we will give some examples, before dis-
cussing some phenomenological consequences for the fermion mass generation. For
concreteness, we will only focus here on operators containing SM fermion fields.
Effective Bilinear Operators with Standard Model Fermions
We start with operators containing only two SM fermion spurionsψia: such operators
can be conveniently organized in terms of their chiral dimension, starting with the ope
appearing at order O(p2):
OYuk = − fFPC2 (ψ
i1
a1ψ
i2
a2) Σ
a1a2i1i2 , (3.4.54)
which generates masses for the SM fermions. The anti-symmetric matrix i1i2 contracts
the Sp(2NS) indices, while spinor indices are hidden with the convention that two Weyl
spinors in parenthesis are contracted to a scalar.
At the next order O(p3) we have the operator:
OΠ f = i fFPC2ΛFPC (ψ¯
i1a1 σ¯µψ
i2
a2) Σ
†
a1a3
←→
D µΣa3a2 i1i2 , (3.4.55)
which modifies the coupling of massive gauge bosons W and Z, contained in the
covariant derivative, to the SM fermions.
3This result differs from the analogous Eq.(32) in Ref. [115], however the qualitative features of the
running are retained.
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At next order O(p4) we find the dipole operators:
O f W = fFPC2Λ2FPC
(ψi1 a1σ
µνψi2 a2)A
I
µν
(
TIFΣ − Σ(TIF )T
)a1a2
i1i2 , (3.4.56)
O f G = fFPC2Λ2FPC
(ψi1 a1σ
µνψi2 a2)G
A
µνΣ
a1a2
(
TAS − (TAS)T
)
i1i2
, (3.4.57)
where TkF /S are the generators of SU(NF ) and Sp(2NS) respectively, and A
k
µν/Gkµν the field
strength tensors of the relative gauge bosons (more precisely, of the gauged subgroup).
We note that the gauge couplings constants have been absorbed into the generators TkF /S
to account for there being several SM gauge groups embedded into each of them. The
two operators, (3.4.56) and (3.4.57), have structures mimicking the Penguin-induced
operators in the SM 4.
Four-Fermion Operators with Standard Model Fermions
We now construct a consistent basis of four-fermion operators: this exercise is
particularly interesting because it allows to find how many independent LECs are
relevant for FCNCs. This class of operators start at order O(p4). Firstly, we list the five
independent operators featuring two left-handed spinorsψ and two right-handed ones
ψ¯:
O14 f =
1
4Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ¯
i3a3ψ¯i4a4)Σa1a2Σ†a3a4i1i2i3i4 , (3.4.58)
O24 f =
1
4Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ¯
i3a3ψ¯i4a4)
(
δa1a3δ
a2
a4 − δa1a4δa2a3
)
i1i2i3i4 , (3.4.59)
O34 f =
1
4Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ¯
i3a3ψ¯i4a4)Σa1a2Σ†a3a4
(
i1i4i2i3 − i1i3i2i4
)
, (3.4.60)
O44 f =
1
4Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ¯
i3a3ψ¯i4a4)
(
δa1a3δ
a2
a4i1i3i2i4 + δ
a1
a4δ
a2
a3i1i4i2i3
)
, (3.4.61)
O54 f =
1
4Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ¯
i3a3ψ¯i4a4)
(
δa1a3δ
a2
a4i1i4i2i3 + δ
a1
a4δ
a2
a3i1i3i2i4
)
, (3.4.62)
where ψ¯a,i = i jψ¯aj . Note also that the above operators are self-conjugate. Similarly,
one can construct five corresponding operators containing four left-handed spinors:
however, we find that only three of them are truly independent. We take these three to
4The naming of these operators are loosely inspired by the corresponding operators in the SM effective
field theory [267].
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be [254]:
O64 f =
1
8Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ
i3
a3ψ
i4
a4)Σ
a1a2Σa3a4i1i2i3i4 , (3.4.63)
O74 f =
1
8Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ
i3
a3ψ
i4
a4) (Σ
a1a4Σa2a3 − Σa1a3Σa2a4) i1i2i3i4 , (3.4.64)
O84 f =
1
8Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ
i3
a3ψ
i4
a4)Σ
a1a2Σa3a4
(
i1i4i2i3 − i1i3i2i4
)
. (3.4.65)
For completeness, we also show the two-dependent operators
O94 f =
1
8Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ
i3
a3ψ
i4
a4)
(
Σa1a3Σa2a4i1i3i2i4 + Σ
a1a4Σa2a3i1i4i2i3
)
, (3.4.66)
O104 f =
1
8Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ
i3
a3ψ
i4
a4)
(
Σa1a3Σa2a4i1i4i2i3 + Σ
a1a4Σa2a3i1i3i2i4
)
, (3.4.67)
which are related to O6−84 f via
O64 f + O94 f = 0 , O74 f + O84 f − O104 f = 0 . (3.4.68)
For the case of NF = 4 one can write another operator:
OA = − 18Λ2FPC
(ψi1 a1ψ
i2
a2)(ψ
i3
a3ψ
i4
a4)
a1a2a3a4i1i2i3i4 , for NF = 4 , (3.4.69)
where a1a2a3a4 is the fully antisymmetric 4-index matrix which is naturally linked to the
ABJ anomaly of the global U(1)F . However this operator is already contained in the
list above because of the following operator identity:
OA = O104 f − O84 f − O94 f = O64 f + O74 f , for NF = 4 . (3.4.70)
All in all, therefore, we identify 8 independent LECs.
It is useful to represent each of the ten operators O1...104 f in terms of representative
diagrams involvingF andS loops, as shown in Fig. 3.5 and 3.6, where the “X” signifies
an insertion of the dynamical FPC-fermion mass, that is proportional to Σ. Thus the
diagrams show how the Σ-dependence occurs in each operator. At a naive perturbative
level (these diagrams are only mnemonics) the operators O6−104 f need mass insertion,
while non-perturbatively one obtains operators such as OA stemming from instanton
corrections.
The case in which the masses of the scalars are much heavier than ΛFPC is obtained
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11 1
O14 f O24 f O34 f
2 2
O44 f O54 f
Figure 3.5: Representative Feynman diagrams corresponding to the operatorsO14 f −O54 f
in eq. (3.4.58-3.4.62). The blue colored lines are SM fermions, the red colored solid lines
are FPC fermions, the red colored curly lines are FPC gluons, and the magenta lines are
FPC scalars.
11 1
O64 f O74 f O84 f
1 1
O94 f O104 f
Figure 3.6: Representative Feynman diagrams corresponding to the operatorsO64 f −O104 f
in eq. (3.4.63-3.4.67). The blue colored lines are SM fermions, the red colored solid lines
are FPC fermions, the red colored curly lines are FPC gluons, and the magenta lines are
FPC scalars.
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SU(3)c SU(2)L U(1)Y U(1)B SU(4)F Sp(6)S
FQ 1 0
Fu 1 1 −12 0 1Fd 1 1 12St 1 −16 −13 1
Q3 16
1
3
u3 1 −23 −13
d3 1 13 −13
Table 3.4: Fundamental technicolor states with their gauge quantum numbers and
global symmetries. The table includes the 3rd generation quarks too, and the charge
assignment under the baryon number U(1)B.
by replacing
i j → Λ2FPC
 1M2S

i j
(3.4.71)
in each operator. The large mass limit corresponds physically to integrating out the
scalars, which in the naive diagrams corresponds to replacing each heavy scalar prop-
agator with the inverse mass matrix. Of course one needs to identify diagrammatically
the leading contributions in the inverse scalar mass expansion, as shown in Fig. 3.5 and
3.6.
Other operators
Other operators up to O(p4) include operators deriving from integrating out the SM
fermions, i.e. operators that only contains the Yukawa couplings. Phenomenologically
they are important as they include the loop-induced potential for the pNGBs, as well as
corrections to the pNGB kinetic terms and contributions to the EWPTs (the S parameter).
The complete list can be found in [254].
3.4.2 Top, bottom and EW gauge boson physics in MFPC
We now specialize to the most minimal model [115], defined by the choice of gauge
group GFPC = SU(2) ∼ Sp(2) and NF = 4 Weyl FPC-fermions in the fundamental
representation. We start the analysis by studying in detail the minimal FPC-scalar
sector to give mass to top and bottom alone. The FPC-scalar sector, therefore, only
contains a single field St, with quantum numbers summarized in Table 3.4: the global
symmetry is Sp(6) since NS = 3.
At the fundamental Lagrangian level, the new Yukawa couplings with the SM fields
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read:
Ltop−bottom = yQ3 Q3,αStFPCF αQ − yt u3S∗tFd + yb d3S∗tFu + h.c. , (3.4.72)
where α is the SU(2)L index, and u3 and d3 are the left-handed spinors constructed
out of the charge-conjugate right-handed top and bottom singlets. The above Yukawa
interactions can be written in the compact form of Eq. (3.4.48) by defining a spurion
ψi a =
(
0 0 yb d3 −yt u3
yQ3 q
(d)
3 −yQ3 q(u)3 0 0
)
, (3.4.73)
where each row transforms as anti-fundamental of SU(4)F and each column as a funda-
mental of Sp(6)S 5. Note that Q3,α = εαβQ
β
3 = (−q(d)3 , q(u)3 ) transforms as an anti-doublet of
SU(2)L, while (ybd3,−ytu3) as a doublet of SU(2)R, consistently with the decomposition
of an of SU(4)F .
The operator OYuk, in Eq. (3.4.54), is responsible for the generation of the top and
bottom masses:
LEFT ⊃ −CYuk v
(
yQ3 yb q
(d)
3 d3 + yQ3 yt q
(u)
3 u3
) (
1 +
cθh
v
+ . . .
)
+ h.c. (3.4.74)
where we can identify
mt =
∣∣∣CYuk yQ3 yt∣∣∣ v and mb = ∣∣∣CYuk yQ3 yb∣∣∣ v . (3.4.75)
Couplings of the Z to the bottom quark
We now turn to the operator in Eq. (3.4.55), that generates corrections to the gauge
couplings of the massive gauge bosons to fermions:
OΠ f = g2 cosθW
fFPC
ΛFPC
s2θ Zµ
(
|yQ3 |2 (t¯LγµtL − b¯LγµbL) + |yb|2 b¯RγµbR − |yt|2 t¯RγµtR
)
− g√
2
fFPC
ΛFPC
s2θ W
+
µ
(
y∗byt t¯Rγ
µbR − |yQ3 |2 t¯LγµbL
)
+ h.c. (3.4.76)
where the SM top and bottom are in the usual Dirac spinor notation. While the
couplings of the top to the Z are poorly constrained, and yb can be taken small to
reproduce the bottom mass, the coupling of the left-handed bottom to the Z receives
sizeable corrections proportional to |yQ3 |2. The well known issue is that yQ3 coupling
cannot be too small, as it enters the formula for the top mass. Imposing the latest
5The implicit QCD color indices of the quarks are embedded as part of Sp(6).
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constraints [138, 268], we obtain the 2σ limit 6 7:
CΠ f |yQ3 |2s2θ < 0.043 , @ 95% CL . (3.4.77)
This constraint mainly comes from the measurement of Rb at LEP [269]. The constraint
on θ from electroweak precision tests tends to ease the tension, as s2θ . 0.1 is generically
required [119]. Furthermore, it is possible to obtain the correct top mass with a small
yQ3 by maximising the right-handed mixing yt, i.e. assuming that the right-handed
top is more composite than the left-handed part. Using Eq. (3.4.75), the above bound
translates into the following lower bound on the right-handed top mixing:
|yt| |CYuk|√
CΠ f
&
mt
fFPC
1√
0.043
=
10 TeV
ΛFPC
, (3.4.78)
which, for reasonably low scale compositeness, ΛFPC = 10 TeV, and CYuk = CΠ f = 1,
corresponds to the bound
∣∣∣yt∣∣∣ & 1. This implies that the fundamental Yukawa coupling
would have to be larger than 2
√
pi ∼ 3.5. It should be mentioned that it is enough that
one (or both) strong coefficient departs from unity by a factor of a few to lower the
bound on the fundamental Yukawa coupling, thus allowing for perturbative values at
the condensation scale.
A possible concern for the model is that the fundamental Yukawa couplings may
become large enough that they cause an unwanted condensate, 〈 fF 〉, to form between
technifermions and SM fermions (breaking both SU(3) color and TC). An approximate
Schwinger-Dyson analysis for a Yukawa model with SU(2)L × SU(2)R symmetry would
indicate that such a condensate only forms for y & O(2pi) [270, 271]. If this estimate is
also valid in the MFPC, it would suggest that the model may be safe from forming a
Yukawa induced condensate. However, further work is required to verify this, e.g. on
the lattice. Once more, suitable O(few) strong coefficients would render this potential
problem mute.
Bounds on top effective interactions
Potentially strong bounds also arise from the four-fermion interactions generated
by the 8 operators we listed above. Expanding such operators, we find four-fermion
operators in terms of the SM fields: interestingly, such terms cannot be matched to
the Warsaw basis [267] because our theory contains non-linearities in the Higgs field.
Effectively, this gives us the Wilson coefficient for each operator in terms of the funda-
mental Yukawa couplings, the scale of strong dynamics ΛFPC, and the coefficients Ci4 f
of the strong dynamics
6For all our numerical estimates we have used ΛFPC = 4pi fFPC.
7 Please note that all bounds found here, are on the effective rather than the fundamental Yukawa
parameters.
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The phenomenologically relevant operators involve four tops, as they are directly
probed at the LHC in four top final states, such as
LEFT ⊃
C44 f + C
5
4 f
4Λ2FPC
∣∣∣yt∣∣∣4 (t¯RγµtR)(t¯RγµtR) = C44 f + C54 f4Λ2FPC
∣∣∣yt∣∣∣4 O3333uu , (3.4.79)
where the four 3’s refer to the generation of each of the four fermions. ATLAS [272]
puts an upper limit on this operator at 95% CL, yielding the constraint:∣∣∣∣C44 f + C54 f ∣∣∣∣
4Λ2FPC
∣∣∣yt∣∣∣4 < 2.9 TeV−2 ⇒ ∣∣∣∣C44 f + C54 f ∣∣∣∣1/4 |yt| < 5.8 ( ΛFPC10 TeV)1/2 , @ 95% CL .
(3.4.80)
The above upper bound is compatible with the lower bound in Eq. (3.4.78), and the
situation improves significantly for increasing values of ΛFPC.
In addition to the four fermion interactions, the operators O f W and O f G, in Eqs
(3.4.56) and (3.4.57), give rise to new dipole interactions between gauge fields and the
top, which are also probed at the LHC. However, currently the constraints are weaker
than the one from the four-fermi interaction.
3.4.3 Extension to light generations and leptons
The fundamental Lagrangian can be expanded to include all three generations of
quarks and leptons. The minimal strategy [115] is to extend the FPC-scalar sector by
three extra un-colored scalars Sl to couple to the three generations of leptons, and two
extra colored scalars Su and Sc (corresponding to 6 complex scalars) to couple to the
two light quark generations. In total, therefore, we have NS = 12 complex scalars,
which enjoy a global Sp(24)S symmetry. The quantum numbers of both the TC and the
SM fields are summarized in Table 3.5.
The complete Yukawa interactions now read 8:
Lyuk = yQ QαSqFPCF αQ − yu uS∗qFd + yd dS∗qFu+
y` LαSlFPCF αQ − yν νS∗lFd + ye eS∗lFu − y˜ν νSlFPCFu + h.c. (3.4.81)
where each coupling is a 3 × 3 matrix in flavor space, and the flavor indices are left
implicit for readability. Table 3.5 also contains the symmetries U(3)g1,2 corresponding
to global approximate flavor symmetries between the 3 generations of each FPC scalar.
Additionally the full model still preserves a Baryon number symmetry as does the SM.
However, the lepton number symmetry is explicitly violated by the coupling y˜ν, not
surprisingly as the inclusion of such a coupling gives rise to a Majorana mass term for
8Note that the scalars are in the conjugate representation of GSM as compared to the minimal model
suggested in [115].
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SU(3)c SU(2)L U(1)Y U(1)B U(1)` U(3)g1 U(3)g2
FQ 1 0
Fu 1 1 − 12 0 0 1 1Fd 1 1 12Sq 1 − 16 −13 0 1Sl 1 1 12 0 −1 1
Q 16
1
3 0
u 1 − 23 −13 0
d 1 13 −13 0
L 1 − 12 0 1
e 1 1 −1 0 −1
ν 1 1 0 0 −1
Table 3.5: Fundamental technicolor states and SM fermions with their SM gauge quan-
tum numbers. The table also includes the charge assignments under the baryon and
lepton number U(1)B,`.
the right-handed neutrinos.
Just as in the case of the top and bottom, the Yukawa interactions can be written in
the more compact form from eq. (3.4.48) by defining the spurion field ψ as (color and
generation indices are, once again, left implicit)
ψia =

0 0 ydd −yuu
0 0 yee −yνν
yQq(d) −yQq(u) 0 0
y`l(e) −y`l(ν) y˜νν 0
 , (3.4.82)
where a ∈ SU(4)F and i ∈ Sp(24)S. The hierarchy of the fermion masses can be encoded
either in the fundamental Yukawa couplings or in a hierarchy in the mass spectrum
of the FPC-scalars. The phenomenology of the two scenarios is different for the low
energy flavor observables as well as for the spectrum of the massive composite states
of the theory. It’s noteworthy that, thanks to the compact spurion form, the effect of the
light generations can be expressed in terms of the same operator basis we used for the
top/bottom case. Of course, at the EW scale the effect of light quarks will be negligible,
as they are suppressed by the small effective Yukawas (or scalar masses). At lower
energies, modifications of the couplings of the light quarks and leptons are strongly
constrained by flavor physics: these effects have been studied in detail in [260], where
the potential to explain the anomalies in lepton universality in B–meson physics are
also destablished.
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3.4.4 Connecting the different approaches to partial compositeness
Here we sketch the connection among the different approaches used so far for build-
ing SM extensions featuring partial compositeness. We start with effective approaches,
based either on the construction of an EFT or extra dimensional implementations and
finally, we discuss how to link FPC to purely fermionic underlying theories of PC.
The most popular approach to composite Higgs models in the literature has been
to construct EFTs simply based on the symmetry breaking patterns (see [235, 238]
for a pedagogical introduction), without any reference to the underlying theory. As
a consequence, to implement partial compositeness, the choice of the representation
under which the top partners transform has been arbitrary. Furthermore, top partners in
the EFT approach have been assumed to be the main driving force in the stabilization
of the vacuum alignment along the small-θ limit: this mechanism can only work if
the top partners are light [273, 274] and the contribution to the pNGB potential is
dominated by their loops. Accepting the lightness of top partners with respect to the
natural resonance scale, i.e. ΛFPC ∼ 4pi fFPC, one is justified to include them in the EFT
construction. Note however that top partners are not necessarily the only contributors
to the Higgs potential [59, 61, 69].
In the case of minimal FPC, the representation of the top partners is fixed to be
the fundamental of the global symmetry SU(4). This choice has been considered prob-
lematic in the literature, as it typically leads to large corrections to the Z coupling to
bottoms. However, as we will see shortly, this problem only applies if the top partners
are light. It is instructive to compare our general operator approach presented in Sec-
tion 3.4.2 with the results one would obtain by adding the top partners to the EFT. The
couplings of the top partners, that we collectively call B, to the SM fermions can be
written as:
LPC = −y¯EFTQ3 fFPC ψ¯Q3 ·Σ† ·BR− y¯EFTt fFPC B¯L ·Σ·ψt , with ψQ3 =
 Q300
 and ψt =
 0u30
 ,
(3.4.83)
where the SM fermions are embedded into spurions transforming as the fundamental
of SU(4)F . The symmetries associated to the scalars S are thus ignored. The mass of
the top can be obtained by diagonalising the resulting mass matrix, yielding
mt = 2MBsθ
y¯EFTQ3 fFPC√
M2B + y¯
EFT2
Q3
fFPC
2
y¯EFTt fFPC√
MB2 + y¯EFT
2
t fFPC
2
+ . . . (3.4.84)
where the dots stand for higher orders in an expansion for small sθ. This equation
should be compared to Eq. (3.4.75). We see that the two results coincide once we
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identify
yQ3/t
√
fFPC√
ΛFPC
→
y¯EFTQ3/t fFPC√
MB2 + y¯EFT
2
Q3/t
f 2FPC
, CYukΛFPC → 2MB . (3.4.85)
We see that the operator estimate matches if the mass of the top-partners is at its
natural value MB ∼ ΛFPC. The mixing between SM fermions and top partners induces
corrections to the gauge couplings of the top and bottom to the massive W and Z too,
due to the fact that the top partners are vector-like fermions [275]. In the bottom sector,
we thus obtain:
g
2 cosθW
s2θ Zµ
y¯EFT
2
Q3
f 2FPC
M2B + y¯
EFT2
Q3
f 2FPC
b¯LγµbL + . . . (3.4.86)
which nicely compares with Eq. (3.4.76) once the identification in Eq. (3.4.85) is taken
into account. We see, therefore, that the approach with top partners in the EFT gives
the same results as the effective operators we consider, and the two actually coincide if
the mass of the top partners is at the natural scale ΛFPC. Thus, for heavy top partners,
the bound from the Z coupling are not problematic, as we showed in Section 3.4.2.
Another effective approach to partial compositeness relies on extra dimensions: it
is mainly based on adapting the conjectured correspondence of anti-de-Sitter (AdS)
space-time with 4-dimensional conformal field theories [202] to non-supersymmetric
scenarios. Models based on warped extra dimensions have been used to characterize
composite Higgses based on a conformal underlying theory [242, 50]. The light Higgs
is identified with an additional polarization of gauge fields in the bulk, thus borrowing
many similarities from Gauge-Higgs unification models [243, 244] (see also [245] in
warped space). The mechanism of partial compositeness is described by fermions
propagating in the bulk of the extra dimensions, as discussed in [276, 277]. An extra-
dimensional version of the model under study can be easily obtained by promoting
the global symmetries SU(NF ) × Sp(2NS) to gauge symmetries in the bulk, broken by
boundary conditions to the SM on the Planck brane, while on the TeV brane the breaking
induced by the fermion condensate, i.e. SU(NF ) → Sp(NF ), is imposed. Composite
fermions are represented by bulk fermions transforming as the bi-fundamental of the
symmetries, while the mixing of the SM fermions, at the basis of partial compositeness,
comes from explicit mass mixings on the Planck brane [278]. The theory would thus
automatically describe spin-1 resonances in the form of Kaluza-Klein resonances of the
gauge bosons. The advantage of extra dimensions, which is also their limitation, is the
fact that the spectrum is determined by the geometry. In the model under consideration,
which is not conformal in the UV, the spectrum will hardly match the prediction of a
warped extra dimension.
As argued earlier, traditional approaches hope to achieve partial compositeness via
pure underlying gauge-fermion realizations. In this case the new composite fermion
operatorsB, that couple linearly to the SM fermions, must be built out of the underlying
gauge-fermion dynamics. This necessarily limits its underlying composition. In addi-
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tion the need to have the composite fermion operatorBwith a physical dimension such
that the operator ΨB (with Ψ a generic SM fermion) is either super-renormalisable or
marginal further constrains the underlying origin ofB. Therefore one can schematically
build B as follows:
B ∼ FFF , FFX, FXX, FXZ, F σµνGµν, (3.4.87)
with X and Z potentially new FPC-fermions transforming according to different rep-
resentations of the gauge group and Gµν the technicolor field strength. Clearly which
technicolor invariant composite operator can actually be built depends on the under-
lying dynamics. Theories in which B is made by an even larger number of fermionic
degrees of freedom are strongly disfavoured because of the anomalously large anoma-
lous dimensions that the composite fermion must have for ΨB to be at least a marginal
operator. In fact, in [219] it has been argued that even realizations with three underlying
fermions are challenging.
As noted in [115] because any purely fermionic extension [62, 63, 217, 220] is re-
quired to have composite baryons with dimensions close to 5/2, these baryons would
presumably behave as if they were made by a fermion and a composite scalar similar
to ours (see also [51] for a supersymmetric realization). Naively, at some intermedi-
ate energy, our description can be viewed as an effective construction of the purely
gauge-fermionic one with
F (Φ) ∼ B ∼ F (FF ), F (XF ), F (XX), F (XZ). (3.4.88)
Obviously this identification is just a mnemonic and it means that the composite baryon
made by FΦ can describe, at an intermediate effective level, one of the composite
baryons with the same quantum number and physical dimensions. A similar relation
can be thought for the F σµνGµν operator.
We can use group theory to investigate related theories. For example, from Table I of
[221], we learn that model M6, that features five two-index antisymmetric F under the
technicolor gauge group SU(4) as well as three Dirac fermions in the fundamental rep-
resentation X [220], gives rise to composite baryons FXX and FXX. At intermediate
energies these composite baryons can be mapped into a fundamental partial composite
theory featuring the same F fermions and six two index antisymmetric FC-scalars.
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Chapter 4
Non perturbative Lattice results
To tackle composite dynamics one can use a plethora of analytic tools from effective
field theories to the implementation of global symmetries to quantum constraints such
as ’t Hooft anomaly conditions, large Nc methods [279, 280, 281] and limits [19, 28, 20],
holography [202, 282, 283, 284, 285], other non-perturbative methods [286, 193] and last
but not the least QCD-like dynamics as an analog computer [193]. Nevertheless to learn
more about the details of a given strongly coupled theory such as its massive spectrum
or to unveil its true dynamical nature we must employ first principle computations
such as lattice quantum field theory.
Therefore the lattice community is actively investigating relevant models for be-
yond the standard model physics of composite nature. These non-perturbative studies
complement the phenomenological approach by providing valuable information on
the strongly coupled dynamics.
The numerical studies of many such models present great numerical and theoretical
challenges. Beyond the traditional ones [287], the new ones crucially stem from trying
to establish whether the new dynamics is QCD-like, near conformal (e.g. of walking
nature), or simply conformal at low energies. Specifically: i) disentangling the (near)
conformal nature of the model requires very large volumes; ii) the possible presence of
light scalars renders the chiral extrapolation difficult. Nonetheless, significant progress
has been made in the last years thanks to the continuous numerical effort and the
development of new techniques .
Many results are available for models based on the gauge groups SU(2) or SU(3)
with fermions in the fundamental or higher representations (see Fig. 4.1 for a visual
summary). A great effort is undergoing to determine the precise location of the confor-
mal window [19, 28, 20], as we shall introduce below, for two and three color models
with few borderline cases remaining elusive. Interesting models featuring light com-
posite scalar states are being investigated in detail and many results for the spectrum
of these walking TC and/or Goldstone Higgs models are already available.
In this section, we summarize some of the most relevant results from numerical
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Figure 4.1: Chart summarizing the majority of the models of composite dynamics
studied by use of numerical lattice gauge theory simulations. The colors correspond to
different representations of the condensing fermions.
lattice investigations of beyond the SM models.
4.1 Conformal Window
We start by discussing theories that feature a conformal fixed point, which allow
therefore to define theories with a conformal window, or walking dynamics.
4.1.1 Analytic studies of the Conformal Window
Determining the phase structure of generic gauge theories of fundamental inter-
actions is crucial in order to be able to select relevant extensions of the SM [193]. In
particular, as explained in the previous chapters, it is interesting to find the mod-
els which exhibit near-conformal dynamics, possibly very strongly interacting and
with large anomalous dimensions. For this reason determining the phase boundaries
between IR-conformal and QCD-like phases is of special interest, and many of the non-
perturbative numerical studies performed via Lattice Gauge Theory (LGT) simulations
for beyond the SM physics have been dedicated to this effort in the past ten years.
We will present the current status of the LGT simulations later in this chapter. First
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it is important to gain a quantitative analytic understanding of the phase structure of
different gauge theories by studying the results of perturbation theory (PT).
The existence of an IR conformal phase can be studied in PT by looking at the
high-order perturbative expansion of the beta function and of the anomalous dimen-
sions of some significant operators, such as fermion bilinears and baryonic operators,
in a given renormalization scheme. The existence of a physical IR conformal fixed
point must not dependent on the choice renormalization scheme, but it is known that
truncations of the perturbative expansion and singular choices of the renormalization
scheme1 can give rise to spurious, i.e. non-physical, IR zeros of the beta function. It
is therefore important to study the behavior and stability of the perturbative series at
high order. Standard PT can also be complemented by other techniques, which can
provide non perturbative information, such as the ∆-expansion, described below, or
various resummation schemes.
We consider simple models featuring an arbitrary number n f of species of fermions
in a given representation R of the gauge group. Despite the fact that models with
fermions in more than one representations are the norm when building relevant exten-
sions of the Standard Model, the limitation to only one species of fermions is needed to
be able to consider high-orders in PT.2 We focus on smallest representations up to the
two-indices, as higher dimensional representations only describe models which are not
asymptotically free. Such models are also interesting on their own, due to the possible
existence of non-trivial ultraviolet (UV) fixed point giving rise to a asymptotically safe
scenarios [288, 176, 289, 290, 291, 292, 293, 294, 240, 295, 296]. However, as all of the
analytical and numerical work in the literature considered only fermions in lower di-
mensional representations, including studies of asymptotic safety, here we will report
on this case.
In standard PT, one can investigate the existence of zeros of the beta function to
the maximum known order in a renormalization scheme of choice, usually the MS
scheme. For models with one species of massless fermions in a single representation of
the gauge group, the beta function in the MS scheme has been derived up to four loops
in [297, 298, 299], with extensions to five loops in [300, 301]. The general form of these
expressions is:
da
d lnµ2
= β(a) = −β0a2 − β1a3 − β2a4 − β3a5 − β4a6 + O(a6), (4.1.1)
− d ln m
d lnµ2
=
γm(a)
2
= γ0a + γ1a2 + γ2a3 + γ3a4 + O(a5), (4.1.2)
where m = m(µ) is the renormalized (running) fermion mass, µ is the renormalization
scale in the MS scheme and a = α/4pi = g2/16pi2, where g = g(µ2), is the renormalized
1A famous example is the so-called ’t Hooft scheme, where the two-loops beta function is exact.
2To circumvent this problem, in [113] a conjectured all-orders beta function was used to estimate the
conformal window for multiple representations.
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coupling constant of the theory. The coefficients βl and γl depend on the number of
Dirac fermions n f and their representation R. The explicit values of these coefficients
were extended to generic representations from the original references in [302], while
the explicit formulae for these coefficients can be found in the appendices of [303, 304].
By using the perturbative expression in Eq.(4.1.1), one can study the existence and
locations of the zeros of the beta function. Since in PT the beta function is a polynomial
in g2, only zeros at positive g2 are considered as possibly physical and several such
zeros can exist. For a given representation R the existence and location of the zeros are
functions of n f . The general behavior of such functions for generic gauge groups was
studies in [303].
The most studied scenarios for composite dynamics make use of asymptotically
free models close to the boundary of the conformal window. The latter is defined as
the region in parameter space where the model is asymptotically free in the UV and
possesses an fixed point of the renormalization group flow in the IR.
The conformal window can be estimated from PT by using Eqs(4.1.1) and (4.1.2).
For fixed gauge group and fermion representation, the critical number of fermions nAFf
above which asymptotic freedom is lost is known: nAFf = 11CA/(4TF). It is customary to
write expressions such as this, which give rise to a fractional number of fermions, with
the understanding that only integer, or half integer for Weyl fermions, are physical.
Just below nAFf , for δ ≡ nAFf − n f > 0 and small, a “Banks-Zaks” fixed point [305]
arises at a∗ = 4TF3CA(7CA+11CF)δ + O(δ
2). Using higher loop expressions for the beta function
(4.1.1), one can study the behavior of such an IR fixed point as a function of n f and
its stability in terms of the perturbative order of the expansion. Such a PT expansion
is expected to work well for small δ, however the extent of the region in n f where
the PT expansion can provide sensible information is not known a priori. Once the
location of the relevant fixed point a∗ is known from the PT beta function at some order,
Eq.(4.1.2) can be used to estimate the value of the mass anomalous dimension at the IR
fixed point, γ∗m. This is a physical quantity, directly relevant for models of beyond the
SM physics, and as such its value is independent on the renormalization scheme. It is
known [306] that unitarity poses an upper bound γ∗m ≤ 2. It is believed that γ∗m ≤ 1 in
the conformal window and γ∗m ≈ 1 at its lower edge.
Another physical quantity of interest is the derivative of the beta function at the
IR fixed point β′(a∗), which is, up to a numerical factor, the anomalous dimension of
Tr(FµνFµν), where Fµν is the field-strength tensor of the confining strong gauge force.
The predictions of PT for the conformal window were studied in [307, 303, 47, 308,
309, 310] at four loops and more recently at five loops in [311] and subsequent works
using the δ expansion discussed below [312, 313, 314, 304, 315]. A typical example
of the conformal window obtained from PT at 4-loops is shown in Fig. 4.2 for SU(N)
gauge groups and in Fig. 4.3 for Sp(2N) groups (figures from [303]).
While PT works well at the upper end of the conformal window, the problem for
92
SU(N) F
AS
S
ADJ
2 3 4 5 6 7 8
2
4
6
8
10
12
14
16
18
N
n f
Figure 4.2: Example of conformal window from PT for SU(N) groups for the funda-
mental representation (upper light-blue), two-index antisymmetric (next to the highest
light-green), two-index symmetric (third window from the top light-brown) and finally
the adjoint representation (bottom light-pink). The lower boundary corresponds to the
point where the infrared fixed point disappears at four loops.
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Figure 4.3: Conformal window from 4-loops PT for Sp(2N) groups for the fundamental
representation (upper light-blue), two-index antisymmetric (next to the highest light-
green), two-index symmetric, i.e. the adjoint, (bottom window in pink).
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the determination of the conformal window is the intrinsic instability of PT in the most
interesting region, the lower edge where the models become more strongly interacting.
The instabilities in PT show up as lack of convergence of the perturbative series in
quantities such as a∗ or as non physical values of e.g. γ∗m.
To overcome this problem, different approaches have been developed, which try to
capture (some of) the relevant non-perturbative physics. These include: the truncated
Schwinger-Dyson equation in the so-called ladder approximation [316, 20]; the use
a conjectured inequality between the thermal degrees of freedom in the UV and IR
[317, 318]; a conjectured all-orders beta function [319, 320]; more recently the use of the
δ expansion [321].
It is worth summarizing the properties of the most recent proposal of the δ expansion
[320, 321] here. This is a series expansion of a physical quantity, such as the anomalous
dimensions at the IR fixed point, in terms of the physical parameter n f centered at the
point where asymptotic freedom is lost, i.e. at n f = nAFf . The resulting power series is
therefore in powers of δ. A remarkable property is that, contrary to ordinary PT, the
exact nth order coefficient of the δ series can be computed by using ordinary PT from
only the first nth+1 loop orders of the ordinary perturbative series. The resulting series
is therefore exact, to all loops in PT, and it is scheme independent, as it should also be
obvious from its definition. Another remarkable property is that the series, as tested in
[321], appears to be rapidly convergent, in stark contrast to ordinary PT. The resulting
series is therefore much better behaved and can be used to study physical quantities
inside the conformal window, and to estimate its lower edge.
An example of the results from the δ expansion for the mass anomalous dimension
is shown in Fig. 4.4 from [315], where various orders of the expansions are plotted from
O(δ) up to O(δ4) for different gauge groups and representations. We also note that for
this quantity the series appears to have only positive coefficients, so that the resulting
sum is well-behaved.
The δ expansion has also been used in [219] to investigate the anomalous dimen-
sion of baryonic operators, which are relevant as top partners in models with partial
compositeness (see Sec. 3.2). In [322, 323] the anomalous dimensions of the proton-like
baryons were derived at three loop order for an SU(3) model with fermions in the fun-
damental, taking into account the mixing of two independent three-quarks operators.
By combining this result with the known perturbative expression of the beta function
in Eq.(4.1.1), one can derive the δ expansion for these observables. We show in Fig. 4.5
the results for the anomalous dimension of the baryon operators γB± as compared to a
similar result for the mass anomalous dimension. As noted in [219], the anomalous
dimensions of the baryonic operators are very small across all the plausible range of n f
for the conformal window and, in fact, much smaller than the anomalous dimension
of the mass operator. Models of partial compositeness typically require the presence of
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Figure 4.4: Estimates of the mass anomalous dimension in the δ expansion for SU(2) and
SU(3) models with fermions in various representations. Different colors correspond to
increasing order in the δ expansion from O(δ) up to O(δ4). From [315].
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baryonic operators with large anomalous dimensions such that
3
2
≤ D[B] ≤ 5
2
. (4.1.3)
This implies, for models in which the baryonic operators are composites of three
fermions [63, 62, 220, 217, 216], that the anomalous dimension should be
2 ≤ γB ≤ 3 . (4.1.4)
The result above indicates that such large anomalous dimensions can hardly occur in
the minimal template of an SU(3) model with n f fundamental fermions [217]. The
use of fermions in multiple representations for models of partial compositeness as
advocated in [63] can somewhat increase the anomalous dimensions of some types
of baryonic operators [324]. However it remains to be seen if the large anomalous
dimensions needed for a realistic model of partial compositeness can be realized in a
strong dynamics.
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Figure 4.5: Anomalous dimensions of the quark mass γm and of the two 3-quark
operators γB± as a function of the number of fundamental Dirac fermions n f in the
δ = nAFf − n f expansion (solid lines). The corresponding perturbative results at three
loops are represented by the dashed lines. From [219].
4.1.2 Conformal Window on the Lattice
The precise location of the conformal window is a primary objective of lattice
studies beyond the SM. The main focus has been on models based on SU(2) and
SU(3) gauge groups, with many fermions in the fundamental representation, but also
on the interesting case of SU(2) models with adjoint fermions. The main new results
are summarized below, showing that models with large anomalous dimensions inside
the conformal window have not been found yet, despite the large number of models
investigated so far. While this is not a proof, it appears unlikely that large anomalous
dimensions exist in this class of models.
96
0 1 2 3 4 5 6 7
g
c
2
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
0.2
0.25
c,
s
(g
c2 )
Nf=12, c=0.25, s=2
domain wall fermion
staggered [18]
staggered [19-21]
2-loop
3-loop
4-loop
5-loop
0 1 2 3 4 5 6 7
g
c
2
-0.15
-0.1
-0.05
0
0.05
0.1
0.15
0.2
0.25
c,
s
(g
c2 )
Nf=12, c=0.3, s=2
domain wall fermion
staggered [18]
2-loop
3-loop
4-loop
5-loop
Figure 4.6: Comparison of the extrapolated continuum β-function for the SU(3) n f = 12
model with different lattice actions (staggered, domain wall) for two different renor-
malization schemes. From [326].
SU(3) with fundamental fermions
While this is the most familiar case for its similarities with QCD, the exact extent of
the conformal window in this case is still debated. There is a general consensus that
n f = 6 lies outside the conformal window and most groups also agree that n f = 8 is
outside3 (studies on the spectrum of the n f = 8 model will be reported below in Sec.4.2).
The n f = 12 case has been studied extensively by several groups by a variety of
different methods [327, 328, 329, 330, 331, 332, 333, 334, 335, 336, 337, 338, 339, 340, 326].
All these studies are consistent with the model being inside the conformal window and
having a small anomalous dimension of the mass γ∗m ∼ 0.2 − 0.3. The precise location
of the fixed point is however subject to debate, as the measure is very sensitive to the
lattice extrapolation to the continuum limits and, in particular, it was shown that very
large lattice volumes are required [341], which makes a precise determination very
expensive. We report in Fig. 4.6 a recent comparison among different determination of
the non-perturbative β-function of the n f = 12 model.
The use of very large lattice volumes in the vicinity of a candidate IR fixed point is
crucial for lattice determinations of the non-perturbative β-function based on the step-
scaling method, in which the infinite volume limit is entangled with the continuum
limit itself. While for model such as QCD where the coupling “runs” fast and quickly
become large the continuum extrapolation can be performed reliably, it is unclear if
the method is reliable near a IR fixed point due to the limited range of lattice volumes
available in practical lattice simulations.
The n f = 10 model was recently considered by two groups in [342, 343, 344]. The two
sets of lattice simulations use different actions, staggered and domain wall, and disagree
3See e.g. [325] for an alternative point of view.
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on the conclusion of the existence of an IR fixed point. While the study performed with
domain wall fermions shows the presence of an IR fixed point, the staggered fermion
simulations do not indicate the presence of such feature. Both studies were performed
in the same renormalization scheme, so that their results, after continuum extrapolation,
are directly comparable. The striking difference in behavior is difficult to explain in
terms of systematic errors in one or both studies and more investigations are needed
to pinpoint the origin of the disagreement. This difficulty led to speculations about the
possible non-universal behavior of different lattice discretization in the presence of IR
fixed points or near-conformal (walking) dynamics.
SU(2) with fundamental fermions
In the case of two colors, the location of the conformal window is more firmly
established, as there is agreement among various groups that the model with n f ≥ 8 lies
inside whereas the model with n f ≤ 4 lies outside [346, 347, 348, 64, 65, 70, 71, 345]. The
case n f = 6 is more debated and still not settled [346, 349, 350, 351]. In [352, 353] the non-
perturbative β-function in the SF gradient flow coupling scheme with an HEX-smeared
Wilson-clover action was studied, which allows to reach rather strong couplings. The
authors perform a careful study of the systematic errors involved and conclude in favor
of the existence of an IR fixed point at a rather large value of the coupling g2 ∼ 15, see
Fig. 4.7 for an example of their final result. The same authors also investigated the
mass anomalous dimension finding a value at the fixed point of γ∗m ∼ 0.3. Given the
experience with the SU(3) n f = 12 case, large volumes will be required to check these
results in the vicinity of the observed fixed point and to confirm its existence. In fact
this is the region where the raw data shows the most sensitivity to volume, as expected,
and can therefore affect the continuum extrapolation in a step-scaling analysis for the
extraction of the continuum β-function.
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SU(2) with adjoint fermions
Most of initial effort for beyond the SM studies on the lattice was focused on the
model with n f = 2 adjoint Dirac fermions [354, 355, 356, 357, 358, 359, 360, 361, 362].
The model was found to be IR conformal with an anomalous dimension of the mass
γ∗m ∼ 0.2 − 0.4.4 Studies for n f = 1/2, 1, 3/2 adjoint Dirac fermions have also been
performed [363, 364]. Half integer numbers of Dirac fermions correspond to odd
integer numbers of Weyl-Majorana fermions. The case of n f = 1/2 massless fermion
corresponds to N = 1 supersymmetric Yang-Mills theory. In the case of n f = 1, the
global symmetry in this case is SU(2) which is too small for a model for dynamical
EWSB. The measured observables include the masses of triplet and singlet mesons, the
0++ glueball mass, the mass of the lightest composite spin-1/2 fermion-gluon state, and
the mass anomalous dimensions at a few different values of the lattice spacing. By
studying ratios of masses for different states as a function of the bare fermion mass
in the chiral limit, evidence was presented that the n f = 1, 3/2 models also lie inside
the conformal window. The mass anomalous dimension has been determined both
from the spectral quantities and from the mode number of the Dirac operator. The
study confirmed the presence of very large finite size effects when approaching the
chiral limit, as pointed out first in [362], which makes numerical simulation close to the
chiral limit extremely expensive. By comparing results at two different values of the
lattice spacing, a residual dependence on the lattice cutoff was observed. In particular
the value of the mass anomalous dimension decreases significantly at smaller lattice
spacings. For example at n f = 1 the (preliminary) value of γ∗m drops to 0.75 on the
finer lattice spacing, while the value measured on coarser lattice is 1. Such residual
dependence is observed for all models inside the conformal window, i.e. n f = 1, 3/2, 2,
and it might be due to residual finite size effects, which drive the system away from
the IR conformal fixed point. More studies are needed to determine the precise value
of γ∗m for these models.
4.2 Models with light composite scalars
Anther class of models that may play a crucial role for models of composite dynamics
includes those that feature a light composite scalar resonance. The phenomenological
relevance of this state, analog to the σ meson in QCD, has been highlighted in Sec. 2.3.
Here we will focus on the recent lattice evidence of its presence.
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Figure 4.8: Spectrum of the SU(3) model with n f = 4l + 8h fundamental fermions. Each
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to the n f = 12 model for a fixed fermion mass. All masses are normalized to the pion
decay constant Fpi. From [365].
4.2.1 SU(3) with n f = 4l + 8h fundamental fermions
Based on the idea that walking can be “generated” by continuously deforming
a model with IR fixed point, one can introduce a small fermion mass to study the
spectrum of the model close to an IR fixed point [359, 360] in the “walking” regime.
The model considered in this section is built on the assumption that the SU(3) model
with n f = 12 fundamental fermion has an IR fixed point (see Sec 4.1.2). One could then
introduce a mass mh for eight of the twelve fermions so that, in the limit of large mh, the
model is reduced to the n f = 4 model that is similar to ordinary QCD. For intermediate
masses mh, a walking regime can be generated and the spectrum of the model can be
studied. In actual lattice simulations, it is also necessary to introduce a mass ml for the
four light fermions, so that an extrapolation to zero ml is required for each mh.
This model can be considered as a prototype for models of walking TC and for mod-
els of composite Goldstone Higgs based on the SU(4)×SU(4)→ SU(4) coset [67, 68]. The
additional heavy flavors can also be used to generate fermion partial compositeness,
as in [217].5
Results for the spectrum and scaling properties of this model were presented in
[365, 366, 218]. The spectrum for the light-light mesons as a function of the heavy mh
and light fermion mass ml is shown in Fig. 4.8, where meson masses are normalized
by the value of the pseudoscalar decay constant Fpi(ml,mh). In the chiral limit ml → 0
the ratios MH/Fpi seem to depend only weakly on the value of mh, with the exception
4Different methods for the determination of γ do not fully agree with each other, hinting to residual
systematic errors not fully under control.
5As noted in [217], a simple realistic model which takes into account partial compositeness effectively
reduces this coset to our template SU(4)/Sp(4).
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Figure 4.9: Spectrum of the SU(3) model with n f = 8 fundamental fermions. A light
scalar particle, as light as the measured pions of the model, is visible. From the LatKMI
collaboration [39].
of the scalar 0++ state which seems to become much lighter as mh is reduced, i.e.
when entering the “walking regime” of the model. In fact for amh ≤ 0.06 the scalar
state becomes degenerate, within errors, with the pNGBs of the model. This is, in
fact, a common feature observed in numerical simulations of models with light scalar
states. This feature introduces a difficulty in the interpolation to the chiral limit, as
the ordinary chiral theory that includes only massless GBs is not applicable. A new
chiral perturbation theory that includes the light scalar mode is therefore necessary [33],
along the lines of Eq. (2.1.15) in Sec. 2.1.1. It is therefore still unclear precisely how
light such scalar states are. The light-heavy and heavy-heavy meson states were also
investigated in [366]. Assuming the existence of an IR fixed point for the n f = 12
model, hyperscaling relations hold close to the fixed point ml = mh = 0 for the masses
of hadrons and decay constants, and their ratios. In [366] evidence is provided for this
hyperscaling, which also supports the hypothesis of an IR fixed point in the n f = 12
system.
4.2.2 SU(3) with n f = 8 fundamental fermions
The results from the previous section on the extent of the conformal window point
to the possibility of light scalars for walking models which lie just below the onset
of the conformal window. As a direct test of this hypothesis, different groups have
been investigating the spectrum of the SU(3) model with n f = 8 fundamental fermions
[367, 368, 38, 36, 39, 37].
The LatKMI collaboration published results for spectrum of the n f = 8 and n f = 4
models in [39], shown in Fig. 4.9, in particular for the flavor singlet meson σ. In the
n f = 8 model, the σmeson appears to be degenerate with the pions over the whole range
of fermion masses explored, similarly to the case considered in the previous section,
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is comparable to the model with n f = 4 or QCD.
while for the n f = 4 case it remains heavier than the pions at the most chiral point
investigated. This hints at the possibility of a much lighter σ resonance than in QCD.
However if one considers the ratio mσ/mρ, or the ratio mσ/Fpi, at the most chiral point
in Fig. 4.9, this is unchanged between the n f = 4 and 8 models, and it is also similar to
the QCD case. At face value, this would indicate that the σ resonance does not become
lighter with respect to the strong scale at the onset of the conformal window.
Similar results were obtained by the LSD collaboration [369, 37] at a somewhat
smaller value of the pion mass. The mass spectrum of the model obtained by the LSD
collaboration is shown in Fig. 4.10. Very large volumes up to 643×128 were required in
order to keep systematic errors under control. In agreement with the results from the
LatKMI collaboration, the mass of the σ resonance is found to be degenerate with the
pions of the model and the ratios mH/Fpi are very similar to the QCD values, indicating
only a very weak dependence of the mass ratios on the number of flavors n f . From
the right panel of Fig. 4.10 one should notice that both the pion and the light scalar
resonance mass in units of Fpi(mq) show only a very weak dependence on the fermion
mass mq in the region explored. If the n f = 8 is not inside the conformal window, then
a sharp decrease of mpi/Fpi is expected close to the chiral limit, while the σ resonance
should remain massive.
It is therefore crucial to be able to extrapolate the current results closer to the chiral
limit to establish if the scalar σ resonance becomes much lighter for walking models.
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4.2.3 SU(3) with n f = 2 sextet fermions
A very interesting walking TC model is based on SU(3) with n f = 2 fermions in
the two index symmetric representation (the sextet representation). The model has
the three GBs, i.e. the minimal number required for a TC model, but from the higher
dimensional representation of the fermions, one expects the model to be walking [28],
with, possibly, light scalar states. The spectrum of this sextet model has been studied
in detail on the lattice with staggered fermions [40, 157, 371, 370] and with Wilson
fermions [372, 373, 374, 375].
In Fig. 4.11 we show the spectrum of the model as obtained by staggered fermions
lattice simulations, at two different lattice spacings [370]. The qualitative features of
the spectrum are similar to the other walking models described above. The spectrum
features a light σ resonance over the entire range of light fermion masses explored, in
fact lighter that the pions that should eventually become massless in the chiral limit if
the model is chirally broken.
The issue of the model being inside or outside the conformal window has not been
settled yet. On the one hand, inspection of Fig. 4.11 by eye might lead one to conclude
that the model is in fact IR conformal and inside the conformal window, however a
more detailed analysis has led the authors of [370] to conclude that this is not the case,
as the data do not follow well the expected hyperscaling behavior for the spectrum.
On the other hand, the data seems to fits well with the prediction of rooted staggered
chiral perturbation theory, even if the use of such effective model is not justified, given
the presence of the light scalar state. As probing the model at even lighter masses in
the p-regime would be prohibitively expensive, the authors of [370] are moving to use
more sophisticated analysis methods involving the cross-over regime from the p to the
-regime, the use of random matrix theory and the use of effective models which take
into account the light scalar particle in the spectrum. As noted above for the case of
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SU(3) with n f = 10 fundamental Dirac fermions, the use of staggered fermions implies
the use of a technique called rooting, which might affect the universality class of the
model and, therefore, the continuum extrapolations.
The spectrum of the sextet model has also been investigated with Wilson fermions,
in which the rooting procedure is not present. Similarly to the staggered fermion
case, the mass spectrum can be fitted to a prediction from Wilson chiral perturbation
theory, although in this case of the spectrum also fits the possibility of hyperscaling
from an IR fixed point [372]. There is however a striking difference between the spectra
obtained from staggered and Wilson fermions: in the latter case, the vector resonance
never appears to become much heavier than the pion in the weak coupling phase.
To better understand the behavior of the model, the full phase structure of the lattice
model with Wilson fermions was studied in [373, 374], see Fig. 4.12. A phase at strong
coupling was identified, separated from the weak coupling phase by a crossover. At
strong coupling there is a first order transition as the fermion mass is reduced, which
becomes a continuous transition in the weak coupling phase corresponding to the line
of vanishing PCAC mass. The behavior of several quantities, which include the mass
spectrum and the scale-setting observables, such as w0 and t0, was studied both in the
weak coupling and strong coupling phase. The results show a sharp change in the
qualitative behavior of the measured quantities, see e.g. the right panel of Fig. 4.12.
While at strong coupling, the observations are compatible with a chirally broken model
as expected, data in the weak coupling phase do not show any clear indications of
spontaneous chiral symmetry breaking.
The question of the IR conformality of this model will require the use of more data
at weak coupling on the spectrum of the model, at several lattice spacings, to show
consistently the presence or not of a critical behavior in the chiral limit.
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4.2.4 Ideal walking
The ideal walking scenario, described in Sec. 3.1.2, was studied on the lattice in [7, 8].
The particular model studied is based on SU(2) with 2 Dirac adjoint fermions, known
to be inside the conformal window (see Sec.4.1.2), plus a particular four-fermions
interactions chosen so that the lattice action remains positive definite, and therefore
amenable to numerical lattice simulations.
In [7], the phase diagram of the lattice model was studied, and it was presented
evidence that a small value of the four-fermion coupling g does not remove the presence
an the IR fixed point present at g = 0, until a critical value of g = gcr is reached. Moreover
the critical behavior for the massless theory at g < gcr was studied, by using finite size
scaling techniques (see Fig. 4.13). The spectrum of the model shows a scaling behavior
with a critical exponent γm which depends on the value of the four-fermion coupling
g, and it seems to approach a large value γm ≈ 1 as g ∼ gcr.
In [8] the region g > gcr was studied. In this phase, the large value of the four-
fermion coupling alters the large distance behavior of the model, which results chirally
broken. The approach to the conformal phase was studied by looking at an order
parameter for the conformal phase as (g − gcr) → 0+. It was found that the approach
to the conformal phase is continuous, resulting in a second order transition from the
chirally broken phase to the conformal phase (see Fig. 4.14). This shows that, at least
in this model, the ideal walking scenario is realized.
4.3 Partial compositeness
In this section, we review the available lattice results for models with top partial
compositeness, both with only fermions as in Sec. 3.2 and in theories with fundamental
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partial compositeness with scalars of Sec. 3.4.
4.3.1 Sp(4) with fundamental and two-index antisymmetric represen-
tations
This model has been first proposed in [62] to realize top partial compositeness with
fermions, and then identified in [220, 376] as one of the 12 feasible models. In fact,
the same dynamics can be used to realise two models of top partial compositeness:
following the nomenclature of [221], called M8 and M5 and distinguished by the
multiplicities of the two species of fermions. This model is also a realization of the
minimal model for partial compositeness discussed in Ch. 2.
Both dynamical and quenched simulation of the Sp(4) gauge group were performed
in [100, 101, 225, 377]. The meson mass spectra for fermions in both the 2-index
antisymmetric and fundamental representation of the gauge group were obtained in
the quenched approximation [225], while result with dynamical fermions are available
only for n f = 2 in the fundamental representation [377]. A sample of the results are
shown in Fig. 4.15.
For the dynamical spectrum, in [377] the authors perform a chiral and continuum
extrapolation6 of the mesonic spectrum of the model. In particular they compare their
result for the ratio MV/ fPS with the other results available for n f = 2 models with gauge
groups SU(2), SU(3), SU(4) and find that the ratio is approximately decreasing as the
number of gauge degrees of freedom increases. For Sp(4) they find MV/ fPS = 8.08(32).
6The renormalization constants used are obtained from perturbation theory in this study.
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Figure 4.15: Sample fo results for the continuum spectrum of Sp(4) with n f = 2 fun-
damental Dirac fermions. More states are available from the original work. From
[377].
4.3.2 SU(4) with sextet and fundamental fermions
The case of the SU(5)/SO(5) coset can be realized with five Majorana fermions in
two-index antisymmetric (sextet) representation of SU(4). This coset has also been
suggested as the base for a model of partial compositeness with three additional Dirac
fundamental fermions [376]. In the classification of [221], this dynamics can be used to
generate two models, namely M6 and M11. The odd number of fermions makes this
model harder to study via lattice simulations.
As a first step, the case of SU(4) with four Majorana in the two-index antisymmetric
representation and the case of SU(4) with two fundamental fermions plus (quenched)
two-index antisymmetric fermions were studied [378, 379, 380, 381, 382]. For this sim-
pler case, the spectrum of the model was presented in [378], which is shown in Fig. 4.16.
The model features baryons which are composite of fermions in both representations,
and the quenched study shows that these can become lighter than baryon made of
only one representation. This could be interesting for model building of light top-
partners. However this result in the quenched approximation is not conclusive and the
full spectrum of the model should be considered with dynamical fermions.
In [379, 381, 382] the radiative contributions from electroweak gauge bosons to
the composite Higgs potential of the SU(4) model with four Majorana fermions in the
sextet representation were considered. This calculation is similar to the electromagnetic
contribution to the masses of the pions in QCD. Electroweak gauge boson generate
a potential for the composite Higgs h of the form: V(h) = CLR(3g2 + g′2)(h/Fpi)2 +
O(h4) where the positive constant CLR can be computed from the vacuum polarization
function ΠLR. The measure of CLR on the lattice was presented in [379, 382] and found
to be roughly of the same size as its QCD counterpart. In the future this approach could
be extended to the full model with fermions in two different representations.
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Figure 4.16: Spectrum of the SU(4) model with n f = 2 fundamental fermions and
quenched sextet fermions. “Chimera” baryons are composite of quarks in the two
representations. From [378].
4.3.3 SU(2) with n f = 2 fundamental fermions and fundamental par-
tial compositeness
This model is the minimal realization of composite pNGB model, requiring only
two fundamental fermions of SU(2), and as been discussed in detail in Ch. 2. The model
can also be used to build a model of partial compositeness for all SM fermions [115],
which features hyper-colored scalars and it is free from Landau poles up to the Plank
scale.
The spectrum of this simple theory, with only two colors and n f = 2 Dirac fermions
in the fundamental, has been presented in [64, 65, 70, 91, 92, 71, 90, 93, 94, 383, 384],
and we already discussed the results in Sec. 2.1.2 (see Fig. 2.1).
This model can be extended by SU(2)–charged scalars to a model with fundamental
partial compositeness, as discussed in Sec. 3.4.1. Some preliminary results were ob-
tained for a model based on SU(2) with n f = 2 fundamental fermions and one colored
scalar field also in the fundamental representation [385]. For this particular model there
is only one additional interaction operator in the Lagrangian, a quartic scalar potential
with coupling λ. No Yukawa interactions are possible in the model, and the scalar
and fermionic sectors interact only via gluon interactions. In [385], the effect of the
strongly coupled scalar field on the mesonic spectrum of the model was studied. It
was found that the presence of a relatively light scalar field changes significantly the
values of the low-lying meson masses, respect to the case in which no scalar is present
or, equivalently, the scalar decouples as an infinitely heavy state. It was also found
that the change in the model can be well described as an effective renormalization of
the quark mass mpcac, in the range of scalar masses m2s and quartic coupling λ explored
(see Fig. 4.17), with the values of the measured meson masses lying on the curves
mX(mpcac) of the theory with no scalar fields present. Moreover it was found that no
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in [385]. Left panel: Meson mass dependence on the scalar mass m2s and quartic
coupling λ. Right panel: The effect of the strongly coupled scalar field amount to an
effective renormalization of the PCAC on the spectrum of the low-lying mesons. From
[385].
Higgs phase was present in the region corresponding to positive fermion masses.
These results are still preliminary and additional investigations of the model are
required to have a more complete understanding of the effect of color scalar particles
on the fermionic sector of the model.
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Chapter 5
Wrapping up and our philosophy
The reader by now realized that, overall, composite dynamics involves different
subjects, from fundamental gauge theories to first principle numerical simulations,
from other non-perturbative methods to effective field theories. Several useful reports
exist delving with each of these subjects. Our philosophy has been to give the reader a
sense of how composite dynamics works and can be used for model building. We hope
to have achieved this by working out in detail the dynamics, and its applications, of one
of the simplest models of composite dynamics that singles itself out for the plethora
of possible phenomenological applications, ranging from composite Higgs physics to
dark matter. The model we chose to present features only three new gauge bosons
arranged in the adjoint of the SU(2) gauge group and two Dirac fermions. As argued
in the previous chapters, the choice of two Dirac fermions allows for just about enough
global symmetry structure to make the theory an ideal playground for several bright
and dark model building ideas. To our own surprise, and probably also yours, despite
the simplicity and relevance of the model, its first serious lattice simulations appeared
only at the beginning of this decade. Before then little was known, except for the
expected (but not tested) breaking pattern, about the overall spectrum and dynamics of
the theory. Because of the low number of colors, one cannot even use the already naive
large number of color limit to deduce properties about its spectrum by rescaling the
QCD one. We have, therefore, also summarized the state-of-the-art of the related lattice
results for this theory that includes, but is not limited to, the pattern of chiral symmetry
breaking as well as the spectrum of goldstones, spin zero and spin one resonances and
their fermion mass dependence.
We have also introduced the low energy effective theory for this model and shown
how to utilize it to construct an important and minimal template of composite models
of the Higgs that naturally features and supports the Technicolor and the Composite
Goldstone Higgs limits. In fact, we have reviewed how this model is also an out-
standing example of models of composite dark matter for which the relic density can
either be due to an asymmetry or number changing operators. Within the electroweak
contest we summarized, in some detail, how to take into account the electroweak cor-
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rections once the model is used to replace the elementary Higgs sector of the Standard
Model. The phenomenological constraints and predictions for collider experiments
have been explained and reviewed via the effective Lagrangian approach while keep-
ing into account the knowledge of the lattice spectrum of the theory. We spelled out
the difference and similarities of the Technicolor limit of the theory and its alter ego, i.e.
the composite Goldstone Higgs one. Chapter two contained all of the above as well as
the aforementioned composite dark matter physics emerging from this model and its
impact.
The main crux of composite models of the Higgs is the phenomenologically consis-
tent generation of the Standard Model fermion masses. In Chapter three we provided
an up-to-date review of the challenges and reviewed different solutions and approaches
ranging from the adoption of near conformal dynamics of walking nature to partial
compositeness, and their possible implementations at a more fundamental level. We
summarized the status and shown how to construct explicit realizations of fermion
mass generation of different type, and compared them.
Of course, underlying fundamental theories of composite dynamics can feature
very distinct dynamics. This is not only because of the different quantum global sym-
metries that they feature and the way these can break spontaneously, but also because,
depending on the number of flavors, colors and matter representation, they display a
very rich phase diagram at low energies. Theories can develop infrared fixed points,
display near conformal dynamics, chiral symmetry breaking and/or confinement. This
partially constitutes what is known as the conformal window in the number of colors
versus number of flavors, for given representation, of four dimensional gauge theories.
In Chapter four we provided the most adjourned summary of the lattice results, a
crucial chapter that will inform our readers of what theories are most suitable for their
model building needs.
We sincerely hope that our concise introduction to the exciting topic of composite
dynamics has tickled your mind and that you decide to try to work on it yourself.
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Appendix A
List of abbreviations
- BKT : Berezinskii–Kosterlitz–Thouless
- cDM : composite Dark Matter
- C.L. : Confidence Level
- ETC : Extended Technicolor
- EW : Electroweak
- EWPTs : Electroweak Precision Tests
- EWSB : Electroweak Symmetry Breaking
- FC : Fundamental Color
- FCNC : Flavor-Changing Neutral Current
- GB : Goldstone boson
- ggH : Gluon Fusion (Higgs)
- IR : Infra-Red
- LEC : Low Energy Constant
- LGT : Lattice Gauge Theory
- LO : Leading Order
- NJL : Nambu–Jona-Lasinio
- NLO : Next-to-Leading order
- pNGB : pseudo Nambu–Goldstone boson
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- PT : Perturbation Theory
- SIMP : Strongly Interacting Massive Particle
- SM : Standard Model
- TC : Technicolor
- VBF : Vector Boson Fusion
- VEV : Vacuum Expectation Value
- VH : W and Z-strahlung
- UV : Ultra-Violet
- WIMP : Weakly Interacting Massive Particle
- WZW : Wess–Zumino–Witten
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